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Abstract. The problem of resolution of singularities in positive characteristic can be reformulated 
as follows: Fix a hypersurface X, embedded in a smooth scheme, with points of multiplicity at most 
n. Let an n-sequence of transformations of A" be a finite composition of monoidal transformations 
with centers included in the n-fold points of X, and of its successive strict transforms. The open 
problem (in positive characteristic) is to prove that there is an n-sequence such that the final strict 
transform of X has no points of multiplicity n (no n-fold points). 

In characteristic zero, such an n-sequence is defined in two steps: the first consisting in the 
transformation of A to a hypersurface with n-fold points in the so called monomial case. The 
second step consists in the elimination of these n-fold points (in the monomial case), which is 
achieved by a simple combinatorial procedure for choices of centers. 

The invariants treated in this work allow us to define a notion of strong monomial case which 
parallels that of monomial case in characteristic zero: If a hypersurface is within the strong 
monomial case we prove that a resolution can be achieved in a combinatorial manner. 
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1. Introduction. 

1.1. The objective of this paper is to study invariants of singularities in positive characteristic. A 
particular motivation is to give invariants that would yield a sequence of monoidal transformations 
to eliminate the points of highest multiplicity of a hypersurface X . To be precise, let V be a smooth 
scheme of dimension d over a perfect field k of characteristic p > 0, and let X be a hypersurface in 
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V with highest multiplicity n. The problem is to define a sequence 
(1.1.1) X X x X r X N 

nc Tc, » r C r r-l ir c 7r C JV _ 1 

V ^ Vx -<— i < V; -<— : Fat 

where each Vi-x <- J! - Vi is a monoidal transformation with center Cj_i included in the n-fold points 
of Xi-x, so that Xn has no point of multiplicity n. Here each Xi C Vi denotes the strict transform 
of Xi-x by nc i _ 1 - We require, in addition, that the exceptional locus of V < — Vjv is & union of 
N hypersurfaces with normal crossings at Vat. A sequence with this property is said to define a 
simplification of the n-fold points of X. 

In characteristic zero, simplifications of n-fold points of X are known to exist. This is usually 
done in two steps. The first step consists of a sequence of, say r, monoidal transformations, so that 
the set of points of highest multiplicity n of X r is within the so called monomial case. The second 
step consists of the elimination of the n-fold points of the hypersurface X r , which is assumed to be 
in the monomial case. The latter step is rather simple, and it can be achieved by a combinatorial 
choice of centers. 

Both steps rely on Hironaka's main inductive invariant, say ord' d_1 ^(x) £ Q, defined for x in the 
highest multiplicity locus of the hypersurface. In fact, these invariants lead to the construction of a 
sequence in a such a way that X r is in the monomial case. The role of Hironaka's main inductive 
function in both steps mentioned above, always in characteristic zero, will be recalled in ll.3l 

In this work we study Hironaka's inductive function over perfect fields of arbitrary characteristic. 
We will introduce the notion of strong monomial case for a hypersurface in positive characteristic. 
This notion will be characterized in terms of Hironaka's inductive functions. It parallels that of 
monomial case in characteristic zero, i.e., if X r is in the strong monomial case, then elimination of 
n-fold points is achieved in a combinatorial manner. 

In the case of hypersurfaces in positive characteristic, a canonical sequence of transformations of X 
was defined in 9 . This sequence transforms X to an embedded hypersurface, say X r , which is closely 
related to the monomial case, but still weaker than the strong monomial case treated here. The 
simplification of n-fold problem would be solved if one could fill the gap between the weak monomial 
case in [§] and our strong monomial case. To be precise, the open problem of simplification (and of 
resolution of singularities) would be solved if one can define a sequence of monoidal transformations 
that transforms a hypersurface in the monomial case into one in the strong monomial case. 

This can be easily achieved in low dimension, and we prove resolution of singularities of 2- 
dimensional schemes by means of the invariants introduced here. A detailed proof of this fact can 
be found in [5]. 

1.2. Assume, for simplicity, that V is affine and X = V(f) is a hypersurface with highest multiplicity 
n. We will first attach to the previous data the algebra Ov[fW n ](c Ov[W]) with n as above. 
Namely, the Oy-subalgebra of Ov[W] generated by the element fW n . The notion of transformation 
of hypersurfaces (with the center included in the subset of n-fold points) has a natural reformulation 
in the language of algebras. Moreover, the task of defining a sequence (jl.l.ll) . that eliminates the 
n-fold points of X, by means of monoidal transformations, can be also expressed in terms of algebras 
and transformations of algebras (see I2.2[) . 

This reformulation of the simplification problem in terms of algebras is well justified. In fact, the 
original algebra Ov[fW n ) can be extended canonically to a so called differential algebra so both are 
strongly linked: for the purpose of constructing a simplification of Oy [fW n ] , there is no harm in 
replacing it by its differential extension. Over fields of characteristic zero, this procedure is well- 
known. In fact, differential algebras fsee 12. 5|) are closely related to the theory of maximal contact 
in characteristic 0. In such context, hypersurfaces of maximal contact allow us to reformulate the 
problem of simplification with the simplification of a new algebra, defined over a smooth hypersurface 
V, and hence in one dimension less. V is called a hypersurface of maximal contact. This form of 
induction is formulated in the language of algebras, the correspondient algebra defined over V is 
known as the coefficient algebra. 

1.3. In problems of resolution of singularities, it is natural to consider sequences of transformations 
of the form 



(1.3.1) 



MONOIDAL TRANSFORMS AND INVARIANTS OF SINGULARITIES IN POSITIVE CHARACTERISTIC 3 



with the additional condition that the exceptional locus of the sequence, say E r = {Hi, . . . ,H r }, 
are hypersurfaces having only normal crossings at V r . A monomial algebra in V r is an algebra of the 
form Vr ■ • ■ I(H r ) a - W s ] for some s, a, £ Z> . 

In the case of characteristic 0, the simplification of n-fold points can be achieved in two steps, 
both of them expressed in terms of algebras, once a hypersurface of maximal contact, say V, is fixed: 

(STEP 1) in which a sequence of monoidal transformations is defined over the hypersurface of 
maximal contact, say 

(1-3.2) y^ Vl ^...^ Vr , 

so that the coefficient algebra is transformed into a monomial algebra supported on the exceptional 
locus, say Oy [I(Hi) ai . . . I{H r ) ar W s ]. This sequence can be defined so as to induce a sequence 
(jl.3.ip . and in this case, the n-fold points of X r (the strict transform of X) are said to be in the 
monomial case. 

(STEP 2) in which a simplification of the n-fold points of X r (monomial case) is defined, say 
(1.3.3) V r V r+1 < V N 

This step is achieved in an easy combinatorial manner. This procedure of choice of centers is defined 
only in terms of the exponents on of the monomial algebra obtained in Step 1. 

All these arguments (always in characteristic 0), rely strongly on the Hironaka's inductive func- 
tions ord^ -1 - 1 (see (|2.3. . defined in terms of the coefficient algebra. In fact, Hironaka's functions 
allow us to attach to an arbitrary sequence (|1.3.1I) a monomial algebra Oy r [I(Hi) ai . . . I(H r ) ar W s \. 
To be precise, this is done by setting 2!t + 1 = ordjl^ (i = 1, . . . , r); here the right hand side 

is the evaluation of the inductive function at yi-\, the generic point of the center Cj_i. 

1.4. Main objetives of this work. In this work we consider schemes over perfect fields of positive 
characteristic. The two main objectives are: 

(1) to define an analogue to Hironaka's inductive functions, called here v — ord^ 1 ^ (Main 
Theorem 1 in l7.2[l . with values in Q. These functions enable us to attach a monomial algebra 
Ov r [I(Hi) hl ■ • • I(H r ) hr W s ] to a sequence of transformations (jl.3.ip . setting as before ,J f + 
1 = v — ord[ d i 1 1 \yi^i) (see Main Theorem 2 in I7.5|) . 

(2) To characterize, by numerical invariants, a case called here strong monomial case (Definition 
18. 4j) . in which a combinatorial resolution of the monomial algebra defines, as in Step 2, a 
simplification of n-fold points (Theorem I8.13[) . This property will rely strongly on Main 
Theorem 2. 

1.5. Differences with characteristic zero. In characteristic zero, Hironaka's inductive function 
ord^ -1 ^ is upper semi-continuous. This property follows from a form of coherence, and the proof 
of this property requires some form of patching of local data, and all together it is quite involved. 
In positive characteristic the function v — ord^ 1 ^ is not upper semi-continuous and therefore we 
do not go through this kind of difficulty. So there is no coherence or patching to be proved in the 
positive characteristic case. Despite this fact, this function is essential in the study of singularities 
and we show that it leads to (1) and (2) in ll.41 

In characteristic zero the value of the function ord^ d ~ at a given point, is computed by fixing 
a hypersurface of maximal contact. As there is no maximal contact in positive characteristic, we 
replace reduction to hypersurfaces of maximal contact by transversal projections: — > 
defined in etale topology (Definition [2401) • I n ^his setting, algebras over the smooth scheme 
are defined; they are called elimination algebra (|2.11[) . In characteristic zero elimination algebras 
parallel the role of the coefficients algebras. 

We use here transversal projections and elimination algebras to compute the value of the function 
v — ord( d ~ x } at a given point, which is a rational number. To fix ideas let x be an n-fold point of 
X = V(f) C V^ d \ The Weierstrass Preparation Theorem ensures that one can choose a regular 
system of parameters {z, x\, . . . , x r -i} so that at the completion Oyw x = k'[[z, x\, . . . , x r _i]] (r = d 
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if x is closed) we can take 

(1.5.1) f(z) = z n + aiz n ^ 1 H ha„ with a, e k'[[xx, ■ ■ ■ , x r _i]]. 

A rational number > 1 is defined as 

(1.5.2) max! min {— — }} gQ, {v x (ai) is the order at fc'[[xi, . . . , x r _i]]). 

z I \<i<n L I ) ) 

This is the maximal slope, for the different choices of z, but always fixing the inclusion of rings 
fc'[[xi, . . . , x r _i]] C k'[[z, x\, . . . , x r _i]] = V (d) x . Fixing an inclusion of rings is formulated here by 
fixing a morphism of smooth schemes — > yi^ 1 ) (called here projection) . In order to parallel 
the presentation in (|1.5.1[) (Weierstrass Preparation Theorem) we need to consider etale topology. 
Projections for which X can be expressed by an equation as in (|1.5.1[) (where n is the multiplicity 
of X at the point), will be said to be transversal at x. 

Our setting will be slightly more general. Once a transversal projection — — > V^ 1 ^ is fixed, 
we will consider an expression 

(1.5.3) f(z) = z n + ai z n - x + ... + «„£ O v(d _y [z] 

where are global functions on and where z is a global function on so that {dz} is a 

basis of fi^j, the sheaf of /3-relative differentials. In this cases, the smooth hypersurface {z — 0} is a 

section of — > V^ 1 ^. We will abuse the notation and say that the function z is a transversal 
section of /3. 

We show here that the rational number in (|1.5.2p is independent of the chosen transversal pro- 
jection, and hence intrinsic of the singularity (Main Theorem 1). This defines a rational invariant 
attached to singular point x, denoted here by v — ord^ d ~ x \x). 

If we fix two n-fold points x and y, so that x € y, then it will be shown that v — ord^ 1 ^ (x) > 
v — ord^^ 1 ' (y) (despite this property, the function is not upper semi-continuous). This inequality 
will be used in the proof of the two main objectives (1) and (2) m il. 41 

This invariant attached to the singularity has been largely studied in positive characteristic for 
the particular case of equations of the form f p «(z) = z p + a p e g V {d-i) [z] (the purely inseparable 
case), e.g. [TU] ,[H], [H], [2S]- This equation involves a particular transversal projection, say 
y( d ) JL^ y(d—i) _ N t e that pure inseparability fails to hold if the projection is changed (pure 
inseparability is not a property of the singularities of a hypersurface). Our result shows that the 
rational number in (11.5.21) , usually called the slope of the singularity, is independent of the projection 
and hence intrinsic of the singularity. 

1.6. Organization and further comments. 

Part I: p-presentations, adaptations and the tight monomial algebra. 

The objective of this first part is the definition of the inductive function and the study of its main 
properties mentioned in 11.41 This leads to the two main Theorems stated in the last Section we 
suggest a first look at this last section for an overall view of the preliminary results that are needed. 

This first part is developed so as to introduce gradually the inductive function in positive char- 
acteristic, and to pave the way to the study of the strong monomial case in Part II. This part has 
been organized so as to present only those technical aspects which are crucial in the first two parts, 
whereas other technical arguments are gathered in Part III. 

Section [5] encompasses several notions used throughout the paper, such as Rees algebras and Rees 
algebras endowed with a suitable compatibility with differential operators. This will lead us to the 
definition of simple differential algebras, which will be essential for the definition of our invariants. 

The study of n-fold points of the hypersurface X = V(f) is reformulated here in terms of the 
Rees algebra V (a) [fW n ] . This is our first example of simple algebra. Attached to this Rees algebra 
is a well-defined differential algebra. 

Simple algebras which are differential will lead us naturally to the study of monic polynomials 
(|1.5.3|) . where now n = p e is a power of the characteristic. 

We also discuss here the notion of elimination algebras. These are defined in terms of differential 
algebras and transversal projections. Elimination algebras will play a central role in the definition 
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of invariants. A first step in this direction will be given by our notion of p-presentation in Definition 

We shall make use of a fundamental property of stability of transversality with monoidal trans- 
formations: To fix ideas set X = {/ = 0} C and a transversal projection — ► v r ( d ~ 1 - ) as in 
(|1.5.3[) . Consider now an arbitrary sequence of monoidal transformations 

(1.6.1) X Xi X r 

y{d) ^JL_ y(d) „ y(d) 

where each Xi + ± denotes the strict transform of Xi and each ird is a monoidal transformation with 
center C,_i included in the n-fold points of Xi. The stability property of transversality is that 
p.6.1[) induces a sequence 

(1.6.2) V (d-i) < vl d ~ 1} ■* ■< V r (d ~ X) 

together with projections V,f' d ^ which are transversal to Xi along the n-fold points (the 

Pi are defined in an open neighborhood of the n-fold points of Xj in Vj ). 

This will lead us to some form of transformations of the monic polynomial in (11.5.31) : 

(1.6.3) fW(zi) = z? + afzr 1 + ■ ■ ■ + oW e O v v-» [z t ]. 

The polynomials in (jl.6.3D are not the strict transform of the first expression in (|1.5.3p . Changes 
of the transversal parameter z, would be required in the definition of each expression. 

In Section [3] sequences as (11.6.11) are expressed as transformations of Rees algebras. In this context 
each transversal projection will define an elimination algebra on V^ d . In this section, we also 
discuss a form of compatibility of elimination with monoidal transformations. This, in turn, will 
lead to Theorem 13.81 in which monomial algebras appear in a natural manner (0). 

One of the objectives of this first Part is to assign a monomial algebra, say [I(Hi) hl . . . I(H r ) hr W s 
(see ll.4l (l)). to a sequence of transformations of X as (|1.6.ip . This sequence will be formulated here 
as a sequence of transformations of Rees algebras. This monomial algebra, assigned to (|1.6.1[) . will 
relate to the coefficients of f^ r \z r ) — z™ + a^z™ -1 H h 6 y <d-i) [z r ]. In fact, we show that 

such expression can be chosen so each coefficient a\ is divisible, in some weighted manner, by this 
monomial algebra (see Definition l3.10p . 

A first step in the definition of our inductive function v — ordS d ~ 1 ' is addressed in Section |H 
where a rational number is assigned to a p-presentation (slope at a point). A notion of well-adapted 
p-presentation at a point is introduced in Section [5] It will be ultimately shown, in a further section, 
that the slope of p-presentations which are well-adapted at a point x, is v — ord t ^ d ~ 1 \x) (the value 
of the inductive function at x). This highlights the importance of this notion in what follows. 

Both Sections [4] and [5] are focused in giving, in an explicit manner, the value of the Main Inductive 
function at a singular point. 

In Section [SJ monoidal transforms of p-presentations are defined. This leads to the statement of 
the two main results of this first Part: Main Theorems 1 and 2, stated in Section [7] Main Theorem 
1 (Theorem 17. 2[) asserts that the previously defined inductive function is independent of the chosen 
smooth projection (3. Main Theorem 2 characterizes the monomial algebra, called here Ai r W s , 
defined by the inductive functions. Proofs will be address in Part IIIII 

Part II: Strong monomial case. 

In Part I we have defined the inductive functions, v — ord^ -1 ^, and a monomial algebra, say 
A4 r W s , has been assigned to a sequence of transformations (|1.6.1[) . It can be shown that for any 
n-fold point 

v - ord {d - 1] {x) > OY&{M r W s ){x), 
where the right hand side is a function defined for an arbitrary algebra (see (|2.3.1[1 ). The function 
ord(A / ( r 14 7S ) is a nicely behaved upper semi-continuous function as opposed to the function in the 
left hand side. The previous inequality between the previous functions will lead us to the numerical 
characterization of the strong monomial case, expressed by the condition 

v - ord {d - 1] {x) = oxA{M r W s ){x), 
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for any n-fold point x. 

It is proved in Theorem lS. 131 that if such equality holds, then a combinatorial resolution of M. r W s 
can be lifted to a simplification of the n-fold points. This settles [I~4l ( 2 ). 

1.7. Final comments. The invariants studied in this paper make use of transversal projections 
y( d ) — > yid- 1 ) anc j f elimination algebras defined in There are other approaches in the 

definition of invariants along n-fold points of a hypersurface. The bibliography indicates some, 
but certainly not all the effort done in this way. An account on the problem, due to Hauser, 
appears in [20] ■ There is an alternative approach of Wlodarczyk; his presentation in [37] includes 
an important study of pathologies in positive characteristic. There are also recent contributions by 
Kawanoue-Matsuki ([24], [25]), Hironaka ([23]), Cutkosky ([H]), an d a fundamental contribution 
of Cossart-Jannsen-Saito in [TT] which proves embedded resolution for 2-dimensional arithmetical 
schemes. We have profited from discussions with Encinas, Cossart, Hauser, Kawanoue, Lipman, 
Matsuki, Piltant and from ideas of Ana Bravo which will be treated elsewhere. 

Part I. Inductive functions and the tight monomial algebra. 

2. Differential algebras, elimination and local presentations. 

2.1. The initial motivation is the study of the highest multiplicity locus of an embedded hypersurface 
X. Here we begin in 12.21 by showing how to reformulate this study in terms of algebras. This 
reformulation will enable us to consider algebras with more structure. In fact, algebras with a 
form of compatibility with differential operators are studied in 12.31 12.41 and 12.51 where the notion of 
absolute and relative differential algebras are discussed. 

It is in the context of differential algebras in which the fundamental notions of transversal pro- 
jections and elimination algebras will be introduced (see 12.71 and l2.111 respectively). 

The main objective of this section is to show that given a differential algebra, together with a 
transversal projection, the algebra can be entirely reconstructed in terms of two ingredients: 

(1) the elimination algebra, and 

(2) a monic polynomial. 

This is the main result in this section, which is collected in Proposition 12.121 This form of presen- 
tation of the algebra will be essential throughout this work. In the case of characteristic zero the 
monic polynomial can be chosen of degree one. In the case of positive characteristic one can choose 
the monic polynomial so as to have as degree a power of the characteristic. This will lead to the 
definition of p-presentations in Definition 12.141 

The particular feature of positive characteristic is played by the coefficients of this monic poly- 
nomial as will be shown in this development. The definition of the main invariant will rely entirely 
on these two ingredients. 

2.2. Rees algebras and the resolution problem. Here we introduce the notion of Rees algebras 
which will play a prominent role in our development. Let be a smooth scheme over a perfect field 
k of dimension al. The problem of resolution of singularities of a singular scheme embedded in V w 
can be stated in terms of Rees algebras over V^ d \ These are algebras of the form Q — ©„gpj In W n , 
where Iq = V (d) and each /„ is a coherent sheaf of ideals. Here W stands for a dummy variable 
introduced simply to keep track of the degree. It will be assumed that, locally at any point of V, Q 
is a finitely generated V (d) -algebra. 

A non-zero sheaf of ideals J C V (d) defines an upper-semi-continuous function u( J) : — > Z, 
where v x {J) denotes the order of the stalk J x at the local regular ring (Oy(d) x , m x ). Recall that 
the order of J in V (d) x is the highest integer n so that J x C m". The singular locus of Q is the 
closed set 

(2.2.1) Sing(g) = {x e V {d) \ v x {I n ) > n for each n E N}. 

In the setting of[L2]in which X = V(f), we will first attach to X the algebra Q = O v w [fW n ]. The 
set Sing(C?) consists of the points of multiplicity n of the hypersurface X = V(f). 

A monoidal transformation along the closed smooth center C C Sing(CJ), defines a 

new Rees algebra, Q\ = (J) neN IrP W n , called the transform ofQ. The transformation is denoted by 
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Q Qi 

y {d) yW 

A sequence of transformations will be denoted by: 

(2.2.2) g g x g r 

y(d) y(d) y(d) 

and herein we always assume that the exceptional locus of the composite morphism < — Vr 
is a union of hypersurfaces with only normal crossings. 

The sequence (|2.2.2p is said to be a resolution of g if Sing(C? r ) = 0- For g — V (d)[fW n ], a 
resolution (|2.2.2j) defines a simplification of n-fold points as in (|l.l.ip 

A Rees algebra g is said to be simple at x £ Sing(^) if there is an index n G N so that v x {In) = n - 
It is said to be simple if this condition holds for any x € Sing(^). Such is the case for g = 
Oy(j) [/nW™], when /„ defines a hypersurface, say X , of maximum multiplicity n. 

2.3. Here (3 : V {d) — > will denote a smooth morphism of relative dimension one, from 

smooth schemes of dimensions d and d — 1, respectively. Throughout this paper these morphisms 
will be called projections. Locally at a point x € V^ d \ is etale over 

y(d-l) x A l ( wnere A l 

denotes the affine line), and such map is compatible with the projection on V^ d ~ lS> ([5], p. 128). 
Consequently, the local ring Oy{d) x is etale over a localization of a polynomial ring in one variable, 
say Oy(d-i) t p( x \[Z]. After restriction to a neighborhood of x, Z gives rise to a global function at 
V( d \ say z. So there is an inclusion V ( d -i)[z} c V ( d -,, where z e T(0 V (d),V^), and the closed 
set {z = 0} is a section of /3 : — ► V^l 

Given a ring S[Z], a morphism of 5-algebras, say Tay : S[Z] — > S[Z,T], is defined by setting 
Tay(Z) = Z + T (Taylor expansion). Here 

Tay(f(Z)) = f(Z + T) = ]T A^(f(Z))T r , 

for some operator A( r ) : S[Z] — > S[Z] defined from this morphism. It is well known that 
{At ', A' 1 ), . . . , A^} is a basis of the free module of ^-differential operators of order r. The same 
applies here for Oy(d-i) [z] if we assume that {dz} is a basis of fii(= fi^Oy-M \ V ( d -i))). Namely, 
{A( ',AW,..., A^} spans the sheaf of differential operators of order r relative to the smooth 
morphism (3 : — > V^^. 

Throughout this paper, we will slightly abuse the notation, here (3 : V^ d ' — > V^ d ~ 1 ' is called a 
local projection , and the function z is said to be a section of j3. 

Let g = 0„> n 4^" be a Rees algebra on a <i-dimensional smooth scheme V^ d \ We always 
assume that Iq = O v w and that g is locally a finite generated Oyw -algebra. Namely that 

Q = o vw [f ni W n \. . . , f n .W n ']{c O vW [W]) 

locally at any point of . 

Given two such algebras <?i and Qi , $i0 £2 will denote the smallest algebra containing Q\ and 
g 2 . In terms of local generators, if {fiW ni , . . . , f r W nr } generates £1 and {giW mi , . . . ,g s W ms } 
generates Q 2 , then 010 02 is generated by {fcW ni , . . . , f r W nr , g x W mi , . . . , g s W m °}. 

A function ord(£)(-) : V {d) — ^ Q is defined 

71 

where z/ x denotes the order at the local regular ring 0y(<fl x- It takes only finitely many values. Note 
that the singular locus is Sing(C?) = {16 | ord((?)(x) > 1}. 



(2.3.1) 0Tm(x)=m ^I^M\ 

n>0 L n ) 



Remark 2.4. It is a general fact that objects treated by resolution techniques are gathered in 
equivalence classes. Such is the case, for instance, with Log-resolutions of ideals on smooth schemes. 
If two ideals have the same integral closure, they undergo the same Log-resolution; so ideals are 
considered up to integral closure. A similar situation applies here, where the objects are algebras: 
two algebras with the same integral closure will not be distinguishable. For instance, if g and 
g' are two algebras on with the same integral closure, then they define the same functions 
ord(g) = ord((/') (in particular, Sing((?) = Sing((?'), Proposition 4.4, [33]). The reader should keep 
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aware of this fact, as it also affects the notation. The expression fW l G Q = ©„> InW n means 
that f r £ It-r for some positive integer r. 

A Rees algebra can be defined by fixing an ideal / and a positive integer s, say 0y[iW s ](c 
CV[VF]), which we denote simply as IW S . Moreover, up to integral closure, any Rees algebra is of 
this kind (Remark 1.3 [T5]). In this case, fW l G O v [IW s ] means that f s G P. 

2.5. An algebra Q = © ra>0 I n W n over is said to be a differential algebra if D r (I n ) C I n - r f° r 
any r < n and for any differential operator D r of order r, whenever we restrict to an affine open 
subset of VW. 

Q is said to be an absolute differential algebra, if this property holds for all fc-linear differential 

operators. When a smooth projection V( d_1 ) is fixed and the previous property holds for 

differential operators which are O v id-i) -linear, or say, /3-relative operators, then Q is said to be a 
ft-relative differential algebra, or simply /3- differential. 

If Q is an absolute differential algebra, then it is also a /3- relative differential algebra for any smooth 

morphism -A V"^" 1 ) defined over k. The /3-relative structure has an advantage: The transform 
of an absolute differential algebra is not absolute differential, but the notion of /3-differential algebra 
will turn out to be well suited with transformations. 

If Q is not a differential algebra, then it has a natural extension to a differential algebra (Theorem 
3.4, [53]). The same holds if Q is not a /3-differential algebra. These natural extensions are compatible 
with integral closure: if Gi and Q2 have the same integral closure, the same holds for their extensions 
to differential algebras or to /3-differential algebras (Theorem 6.14, |33|). 

Remark 2.6. When Q is a /3-diffcrcntial Rees algebra, then, locally, there is a finite set of elements 
of g, say {/ ni W n \ . . . , f n , W n °}, so that 

Q = O vW [f ni W n % A(^)(/. i )^- a -] 1 < Qi <„ i _ 1 , !<<<„ 

with A( a; ) as in 12.31 Conversely, these local presentations characterize /3-differential algebras (The- 
orem 2.9, [33]). 

2.7. Transversal projections. The graded algebra of the maximal ideal m x of a point x £ V^ d \ 
say Gr x {Oy(d) x ), is isomorphic to a polynomial ring. When x is a closed point, it is a polynomial 
ring in ci-variables, which is the coordinate ring associated to the tangent space of at x, namely 
Spec(Gr x (Oy(d) x )) = T V (d) x . The initial ideal or tangent ideal of Q at x G Sing Q, say hi x (Q), is 
the ideal of Gi x (0 V (d) x ) generated by the elements ln x (I n ) for all n > 1, where ln x (I n ) is the class 
of /„ at m"/m™ +1 . Observe that ln x (Q) is zero unless ord(^)(.x) = 1. The zero set of the tangent 
ideal ln x (G) in Spec (Gx x (Oy(d) x )) is the tangent cone of Q at x, denoted by Cg /X . 

Given a vector space V, a vector v £ V defines a translation, say tr v (w) =w + iiforweV. There 
is a largest linear subspace, denoted by Cg, x , so that Cg tX is invariant under translations of Cg, x , 
that is, tr v {Cf) = Cf for any v £ £/. This subspace -Cg^ is called the linear space of vertices. 

Definition 2.8. (Hironaka's r-invariant). Tg tX will denote the minimum number of variables re- 
quired to express generators of the tangent ideal hi x (Q). This algebraic definition can be reformulated 
geometrically: i~g x is the codimension of the linear subspace Cg >x in Ty(<j) x . 

2.9. Fix now a closed point x £ V^ d \ Let V^ d ^ yid- 1 ) be smooth and set (3(x) = y £ 
y(d-i)_ ^ regular system of parameters {j/i, . . . , y s } in G V (d-i) y , extends to {yi, . . . ,y s , z}, a 
regular system of parameters in Oy(d) x . Here a; is a point of j3~ 1 (y), and the tangent space of this 
subscheme at x, say T^-i^)^, is identified with the subscheme in T V (d) x defined by the linear forms 
(In^j/i), . . . ,ln x (y s )) C Gr x ((D V {d) x ) (i.e., a one dimensional subspace in T V (d) x ). 

Definition 2.10. A local projection /3 : V^ d ' — > y( d - 1 ) is said to be transversalto Q at x £ Sing (Q) 
if Cg^ n T^-i^)^ = O, the origin of T V (d) x . The local projection is said to be transversal to Q if 
it is so at any point of Sing Q. Transversality is an open condition so we are led to consider this 
condition only at closed points (see Remark 8.5 in [S]). 

2.11. Elimination algebras. Set a local projection (3 : — > y^- 1 ). Let x £ Sing(C?) be a 
closed point in V^ d \ so y — f3(x) is closed in V' rf_1 ^. A regular system of parameters {yi, . . . , ya-i) C 
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Oy{d-i) y extends to a regular system of parameters {y±, . . . , j/d-i, z} in Oy(d> x . In this case, z defines 
a section of j3 : — > V^ 1 ^ after suitable restrictions. 

Take Q to be a simple algebra, and let (3 : — > V^ 1 ^ be transversal to Q. Fix a closed 
point x G Sing(C?). The Weierstrass Preparation Theorem ensures that, taking restrictions in etale 
topology, Q has the same integral closure as an algebra V ( d ) [fx(z)W ni , . . . , f s (z)W ns ], where each 

(2.11.1) fi(z) = z n > + ag^z" 1 - 1 + ■ ■ ■ + o§° G O v v-v [z] 

is a monic polynomial of degree m G Z>o (see 4.7 in [34]). 

The following properties are known to hold within this setting: 

PO) the restriction of j3 to Sing(£7), say j3 : Sing(^) — > f3(Smg(Q)), is a set theoretical bijection 
and two corresponding points have the same residue fields. Namely, k(x) = k(f3(x)) (1.15 and 
Theorem 4.11 [34 , or 7.1 [5]). 

If Q is a /3-relative differential algebra, then a Rees algebra on say IZg^ C V ( d -i) [W], is 

defined. It is called the elimination algebra of Q, and has the following properties: 

PI) /3(Sing((/)) C Sing(7^g !( g); moreover if C is a closed and smooth scheme included in Sing(^), 
then /3(C)(C V^" 1 )) is smooth, isomorphic to C, and (3{C) C Sing(^g, /3 ) (Theorem 9.1 0). 

P2) (Theorem 5.5, [34] ) Fix two projections: 




where both /3 and /?' are transversal to Q. This defines an algebra IZg^p over and an algebra 

Ug^i over F'^" 1 ). At any point x G Sing(£), 

ord(«B^)09(x)) = ord(7^^)(/3'(a;)). 

P3) (1.15 34 ) If ov&{Tlg^)(y) > at a point y G V^- 1 ), the restriction of (|2.11.1j) to the fiber 
over y (to p~ l (y)), say 

7"(Z) = Z"< + a^^" 1 + • ■ • + a« G fc(y)[Z]; 

is a power of a purely inseparable polynomial. Namely, fi(Z) — (Z p " + bi) mi at k(y)[Z]. Moreover, 
there is at most one point x G so that f3(x) = y and ovd(Q)(x) > 0. 

A particular feature of characteristic zero is that z can be chosen to be of maximal contact. This 
is not always the case in positive characteristic, and the relative differential structure will partially 
fill in this gap. The previous formulation, in which the algebra is generated by monic polynomials, 
holds locally. In this local description, z is a section of (3 : — > yid- 1 ) as defined in 12.31 

Proposition 2.12. (Local presentation) Set x G Sing((7) a closed point and V^ 1 * 1 
transversal to Q at x. Assume that Q is a ^-relative differential algebra, that there is an element 
f n W n G Q, f n of order n at Oy(d) xt and that f n = f n (z) is a monic polynomial of degree n in 
Oy(d-i) p( x )[z], where z is a f3-section and an element at Qy{&) x . Then, at a neighborhood of x, Q 
has the same integral closure as 

(2.12.1) O vW [f n (z)W n , AW(/„(2))lT- ]i< a <n- 1 Hg,p, 

where TZg,p is identified with (3*(TZg^), and are as m !2.3l Moreover, TZg,p is non-zero whenever 
Sing((J) is not of co-dimension one locally at x. 

Proof. The last assertion follows from Theorem 4.11 i) [34]. Take f„{z)W n G {fiW ni , . . . , f s W n °} 
as in (|2.11.1[) . For ease of notation we consider the case s = 2, i.e., Q = Oy(d) [f n (z)W n , gm(z)W m ]. 

We follow here the arguments and notation as in Chapter 1 in [34 , particularly Prop. 1.29. Rees 
algebras are endowed with a natural graded structure. Elimination algebras are also Rees algebras. 
They are defined as a specialization of the so called universal elimination algebras, which are graded 
subalgebras in a polynomial ring. 
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Take variables Z, Yi, . . . ,Y n and Vi , . . . , V m over a field k, and set 

F n {Z) = (Z- Yi) -(Z -Y 2 )...(Z - Y n ). 

This is the so called universal polynomial of degree n, and /„ = f n (z) can be obtain as a specialization 
of F n (Z). Similarly, let 

G rn (Z) = (Z- Vi) -{Z-V 2 )...{Z- V m ) 

be the universal polynomial of degree m which will specialize to g m (z). 

The natural action of the permutation groups S n on k[Yi, . . . , Y n ], and of S TO on k[Vi, . . . , V m ], 
induces an action of the product S n x S m on k[Z, Y\, . . . , Y n , Vi, . . . , Vm] by fixing Z. This group 
also acts on the subring 

S = k[Z-Y 1 ,Z-Y 2 ,...,Z-Y n ,Z-V 1 ,Z-V 2 ,...,Z- V m }. 

The subring of invariants of S, say 5 s " xSm , is 

k[A^(F n (Z)),A^'\G m (Z))] 

0<a<n-l, 0<a'<m— 1) 

where A( Q )(i^„(Z)) is an homogeneous polynomial of degree n — a, obtained as in 12.31 Similarly 
A( Q ')(G m (Z)) is homo geneous of degree m — a' . 

As this actions are linear, S s " xSm inherits the grading of the polynomial ring k[Z, Yi,Vj]. We add 
a dummy variable W that will simply express the degree of each homogeneous element. Hence, the 
subring of invariants 5 ,s " xSm is now 

k[A^\F n (Z))W n - a ,A^'\G m (Z))W m - a '} < a < n ^ h <a'< m -i. 
Consider the subring 

S' = k[(Z - Y 2 ) -(Z-Y 1 ),...,(Z- Y n ) -(Z- Y t ), (Z - Vi) - (Z - Yi), . . . , {Z - V m ) - (Z - Y{)], 

of S. Note that S„ x § m acts on S' . The universal elimination algebra is, in this case of s = 2, 
defined as the invariant ring S' s " xSm . 

The key observation to prove the assertion is that S is spanned by two subrings: k[Z — Yi, . . . , Z — 
Y n ] and S", and §„ x S TO acts on both. 

Recall that the subring of invariants in the first is T = k[F n (Z))W n ,A^(F n (Z))W n - a ]i< a < n - 1) 
and the one of the second is the universal elimination algebra, say R(c S'). 

Thus both invariant algebras, T and R, are included in 5 ,s " xSm . Let T R denote the smallest 
algebra containing both rings. We now claim that T R C S s " xSrn is a finite extension of graded 
subalgebras of S. In order to prove this last assertion note that S is a finite extension of both 
subalgebras. 

The statement follows now from the previous observation. In fact, Q and (I2.12.ip are obtained 
by specialization of the previous subrings. This specialization preserves the grading. On the other 
hand, integral extension of rings are preserved by specialization (change of base rings). 

Remark 2.13. Fix a Rees algebra Q = @ n >nInW n . If the setting of Proposition 12.121 holds at 
a closed point x G Sing(^), then it holds globally after taking suitable restrictions of V^ 1 ^ to a 
neighborhood of f3(x), and of to a neighborhood of x. Moreover, z defines a /3-section. 

If the characteristic is zero I\ has order one at Oy(d) x , and z G I\ can be chosen as an element 
of order one at this local ring. This is not always the case in positive characteristic. However, as Q 
is a simple /3-relative differential algebra, one can check that there is a power of the characteristic, 
say p e , so that I p e has order p e at V (d) x . Therefore the integer n in the last Proposition can be 
chosen as a power of the characteristic. This integer p e is defined in terms of Q and the closed point 
x G Sing(Cf). This leads to: 

Definition 2.14. (p-Presentations). Fix, after suitable restriction in etale topology, a projection 
y( d ) JLf. y(rf-i) transversal to a simple /3-relative differential Rees algebra Q. Assume that Sing((?) 
has no components of co-dimension one. 
Assume also that: 

i) There is a /3-section z, a global function on V^ d \ and {dz} is a basis of J7i 
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ii) There is an element f p e(z)W p £ G, where f P "(z) is a monic polynomial of order p e , say 

fpe(z) = z p ° +a 1 z p °- 1 + ■■■ + a r E O vid -i)[z], 

where each m is a global function on 

iii) The conditions in fj2.12.lt) holds for Q and 

(2.14.1) cVw^W^.^'^Wl^li^-ie^^). 

That is, Q and (|2.14.1j) have the same integral closure. 

In this case, we say that /3 : — > yO* - ^ the /3-section z, and f p e (z) = z p +a 1 z p _1 + • • ■ + a pC 
define a p-presentation of Q. These data will be denoted by: 

(2.14.2) pV((3 : V™ — ► z, f r (z) = z p ° + a^~ x + ■■■ + V ), 

or simply pV{fa z, f p *(z)). Clearly (|2.14.1[) is expressed only in terms of "R-g,p and pV(J3, z, f p *(z)). 



3. Monomial algebras and the behavior of elimination under monoidal 

transformations. 

3.1. The definition of elimination algebras makes use of the notion of the relative differential 
structure. We now discuss some results that grow from a form of compatibility of the relative 
differential structure with monoidal transformations. 

Recall that a sequence of transformations of Q is a concatenation of transformations 

(3.1.1) Q Gi Q r 

y (d) ^yW^...^Ly(d) 

where we always assume that the exceptional locus of <r^— Vr is a union of hypersurfaces with 
normal crossings. In the first part of this section we study the compatibility of transversality and 
elimination algebras with monoidal transformations. Sequences as (|3.1.1[) will also give rise to the 
definition of the so called monomial algebras (Definition 13.51) , and to a notion of monomial contact 
introduced in Definition 13.101 This notion appears in the formulation of Main Theorem 2. 

3.2. Transversal projections are defined for simple algebras. When Q is a simple algebra, we claim 
that all the Gi defined in (|3.1.ip are also simple. It suffices to check this property locally. Fix a 
closed point x G C C Sing(C/), where C is a smooth center. There is an integer n and an element 
fn S /„ so that v x {fn) — n. Note that vc(fn) = n and /„ is equimultiple at C locally at x, so the 
strict transform of /„ has multiplicity at most n on points on the exceptional locus, and hence Gi is 
simple. 

Take G to be a simple algebra on V^ d \ together with a transversal projection j3 : — > 
Assume that G is a /3-relative differential algebra. A notion of compatibility of this properties with 
monoidal transformations can be formulated as follows ([5]): 

After suitable restrictions to an etale cover of yM, the sequence (|3.1.1[) induces a diagram 

(3.2.1) G Gi Gr 

yW^^yW^l ^— V y) 

J/3 \Pl ; \Pr-l 

y {d -l) yid-1) ^1 ^Zi yi d -X) 

where: 

(i) Each vertical morphism fa : — > V^ d ^ is transversal to Gi, and each Gi is a fa- 
differential algebra. These fa are defined only in an neighborhood of Sing(ft). 

(ii) The lower sequence induces transformations of the elimination algebra TZg,p, and further- 
more, each (TZg^p)i is the elimination algebra of Gi relative to fa : — > , that is, 
{Hg^)i = TLgJfo (Theorem 9.1 0). 
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Definition 3.3. A smooth morphism Vy — ^> V r is said to be r-tranversal to Q r if there is a 

transversal morphism y^ -1 ), as in Definition 12.101 and a simple /3-differential algebra Q 

over Oy(d), so that Q r and fa arise from a diagram as that in (|3.2.1[) . 

Remark 3.4. In characteristic zero, given a simple differential algebra Q, there are hypersurfaces 
of maximal contact at V^ d \ We fix one such hypersurface, and given a sequence of transformations 
of Q (|3.1.1[) . we consider the strict transforms of that fixed hypersurface. Here hypersurfaces of 
maximal contact will be replaced by transversal projections. We shall fix a transversal projection at 
and for any sequence (13.1.11) we will make use of the lifting of this fixed projection in (|3.2.ip . 
Local p-presentations of Q r will be defined in terms of fa, where fa arises from the fixed smooth 
transversal morphism /3. In Section [6l a notion of transformation of p-presentations will be defined. 
This together with the theorems on Section [5] will show that given a simple algebra Q, if can 
be covered by p-presentations of the form pV ((3 , z , f p e (z) = z' p + a 1 z p ~ 1 + • • • + a p „), with the 

same exponent p e , then the same holds for Q r at Vr ■ Namely, that there is a covering of V r (d) by 
presentations of the form pV(f3 r ,z,f p a(T) — z p + 7i{z v ~ 1 + • • • + a p e ) , where fa is r-transversal, 
with the same exponent p e on any such p-presentation. 

Definition 3.5. Let E = {Hi,...,H r } be a set of smooth hypersurfaces with normal crossings. 
A monomial ideal supported on E is an invertible sheaf of ideals of the form M. = I(Hi) ai ■ 
I{H 2 ) a2 ■ ■ ■ I(H r ) a -, for some integers a, > 0. 

A monomial algebra will be a Rees algebra of the form CV[.MW S ] for some positive integer s. 
This algebra will be denoted by MW S . 

Remark 3.6. (1) Fix a monomial algebra MW S = Ov[MW 8 ]. Locally at a point x G V, M x 
is the ideal spanned by a monomial on a regular system of parameters of Qyw x . Recall that Rees 
algebras are to be considered up to integral closures. Given /„ G Oym x , f n W n G MW S if and 
only if /* is divisible by M.™ at O v id) x for any x at V^ d \ 

(2) Assume that MW S is the Rees algebra generated by the monomial ideal M = I(H{) hl . . . I(H r ) hr 
at degree s. Rees algebras are considered up to integral closure, so we shall now describe the integral 
closure of MW S , say MW S — JtW t . Given a positive integer t, the ideal corresponding to the 
degree t, say Jt, is generated by a monomial, say 

(3.6.1) M® = J t = I(H 1 )^...I(H r )L ! ?l. 

Moreover, ord(MW 8 )(x) < ord^^ W*)(a;), and equality holds if and only if MW S and M^W t 
have the same integral closure. 

3.7. Let 7r : V — > V be a smooth morphism, then the pull-backs of the hypersurfaces of E have 
normal crossings at V and a monomial ideal supported on E has a natural lifting to V . 

In our setting, we fix a transversal smooth morphism /3 : — > V^ 1 ' 1 as in Definition 12.101 a 
sequence (|3.1.ip induces a diagram (|3.2.1[) with smooth morphisms fa defined in a neighborhood of 
Srng(£/,). Note that at each such neighborhood, the exceptional hypersurfaces in are pull-backs 
of the exceptional hypersurfaces at V^ d ^. In particular, a monomial algebra supported on the 
exceptional locus of the composite map i — Vr d 1 \ say 
(3.7.1) M r W s = /(ffi)' 11 . . . I(H r ) hr W s , 

can be naturally lifted to a monomial algebra supported on the exceptional locus of < — Vr d \ 

Theorem 3.8 (Bravo- Villamayor [9J. Let Q be a simple differential algebra and assume that Sing(^) 
has no component of co-dimension one. There is a sequence of transformations \S.1.1)) , so that for 
any local transversal projection /3 : yw — > yid- 1 ) (defined by restriction to an Stale coverring 
of yW ), the induced sequence ¥3.2. 1\ is such that (1Zg,f})r * s a monomial algebra supported on the 
exceptional locus. Furthermore, the monomial algebra fa*.(Jfcg,fj)r) is independent of fa 

In what follows, we can take, etale locally, a sequence (|3.2.1[) as in the formulation of the Theorem 
13.81 (Main Theorem in [9 ). So here, {Tlg,p) r C Oy(d-i) [W] is monomial and supported on the 

exceptional locus, and so is its pull-back to Vr d \ The same holds if we enlarge the sequence of 
transformations as this condition is stable. 
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We identify (TZg^) r with its pull-back, say 

(Kg,f))r = I{H!) ai . . . I(H r ) a ^W s = NW S . 
It will be shown that locally at any closed point of Sing(C? r ), there is a /3 r -section z', a monic 

(r) 

polynomial, say flJ , so that Q r has the same integral closure as: 

O v w [f£\z)W p \A a (f£\z))Wv e - a ]i< a < p e- 1 QAf r W s 

3.9. The outcome of Theorem 13.81 in the case of fields of characteristic zero, is known as the 
reduction to the monomial case. In that context it is simple to extend (|3.1.1[) to a resolution. This 
is not the case in positive characteristic, however the following definition will lead us to the study 
of the role of the exceptional divisors. 

Definition 3.10. 1) We say that a monomial algebra A4 r W s Q3.7.ip has monomial contact 
with Q r if locally at any closed point x G Sing(C/ r ) there is a /3 r -section z of order one at 
Oy(d) , so that 

Gr C (z)W Q M r W S . 

2) A local p-presentation of Q r , say pV(/3 r , z, f p l\z)) (with/^ = z p ° + a\z v '~ x + • • • + a p e)), 
is said to be compatible with the monomial algebra Oy(d-i) [M. r W s ] locally at x 6 Sing(C? r ) 
if the previous condition holds for the /3 r -section z. Proposition 12.141 ensures that this is 
equivalent to two conditions: 

i) (KG,p)r C O v y-r>[MrW s }, 

ii) ai W l e Oyid-i) [M r W s ], for 1 < i < p e (RemarkCO])- 

3.11. We will show that given a simple algebra Q and a sequence of transformations as in (|3.1.1[) . 
there is a monomial algebra A4 r W s supported on the exceptional locus which has monomial contact 
with Q r . That is, locally at any point x £ Sing(C? r ) there is a /3 r -section z of order one at x, so that 
Q r C (z)WQ Ai r W s . Main Theorem 2 will show that this monomial algebra will be defined in terms 
of the sequence (|3.1.1[) , with independence of the choice of (3 (of (|3.2.1[) ). 

4. Invariants defined in terms of ^-presentations. 

4.1. Fix a transversal smooth projection j3 : V^ d > — > V^ 1 ^ (Definition 12 . 10[) and a simple /?- 
differential algebra Q. In Definition 12.141 we introduced the notion of p-presentation, say pV = 
pP(/3, z, fpc(z)). The aim of this Section is to define two functions: 

(1) a function Sl(pV){-) : y( d-1) — > Q (Definition g^J . 

(2) a function /3 - ord {d -^ (G)(~) ■ V^-^ — > Q (Definition SHI]). 

There are many p-presentations pV which make use of the fixed projection /?. Each p-presentation 
will define a function Sl(pV). The value of the new function (3 - ord ( - d ~~ 1) (Q) at a given point 
v E V (d -^ will be given by the biggest value of the form Sl(pV)(y) among all p-presentations 
making use of /3. 

Over fields of characteristic zero, the function j3—ord^ d ~ lS> (Q) coincides with the upper-semicontinous 
function ovd(TZg^) (see !2.3.TT) . The situation in positive characteristic is quite different, for example 
/3— ord^ d_1 ' (Q) is not upper-semi-continous. Theorem 14 . 61 features a peculiar behavior of the function 
Sl(pV), which also leads to a simplification which will be crucial in our further development. 

The function in (2) is a first step in the definition of our inductive function v— ord^ d ~^ in Section[71 
In this section we simple fix a transversal projection /3 and study different rational numbers, attached 
to a point, defined by choosing different transversal sections z = 0. We focus here, essentially, on 
how the function in (1) varies for different choices of z. 

Definition 4.2. Fix Q, j3 : — > V^- 1 ), a /3-section z, and f p e(z) as in [2T141 Namely, fix a 
p-presentation pV((3, z, f P "(z)) with f p e(z) = z p + a 1 z p _1 + • • • + a pC as in (|2.14.2[) . so that Q has 
the same integral closure as 

o vW [f p e(z)w pe ,A^(f p e(z))w pe - a ] l < a < p ,- 1 en g ^, 

Define Sl{pV){~):V {d -^ — > Q, 

Sl( P V)(y) := mm \^M, O Td(TZ g , )(y)} , 
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called the slope of Q relative to pV = pV(f3, z, f p e{z)) at y <E V^ d x \ 

Remark 4.3. The function ord(72.g !i g)(— ) : V^ 1 ^ 1 — > Q takes values with denominators in ^Z, 
for some integer n > 0. Thus the same holds for the slope function: it takes values in Z. 
Moreover, both functions take only finitely many values. 

Remark 4.4. Given a ^-presentation pV — pV(/3, z, f p e(z)), other p-presentations can be defined, 
for example by changing the section z. Here, given xq & V^ d > we study conditions on z for which 
Sl(pV)((3(xo)) > 0. Note here that we do not assume that z vanishes at x - 

The element z in the p-presentation in Definition 03] defines a closed set, say V — {z = 0} C V^ d \ 
which is a section of (3. In particular, any point y £ V^^ 1 ^ can be identified with a point in V, say 
x eV C V (d \ namely x = [3~ l (y) n {z = 0}. 

The value of the function Sl(pV) at a point y 6 provides information of Q, locally at x. 

In this Remark we show that Sl(pP)(y) > if and only if ord(Q)(x) > 0. Here, we discuss some 
equivalent formulations of this condition. 

Let k(y) be the residue field of the local ring V {d-i) y and let Z denote the restriction of z to 
/3^ 1 (y), the fiber over y. Fix, as above, x = /3 (y) D {z = 0}. So x is the unique point dominating 
y for which z is a non-invertible element at V (d) x , and z is of order one at this local ring. 

Here, f p ^(z) is a global function of V^ d \ and the restriction 

is finite and flat. On the other hand, V((f p e(z))) D j3~ 1 (y) can be identified with the subscheme in 
Spec(k(y)[Z]) defined by the monic polynomial, say 



f p e(z) = ZP +a 1 ZP - 1 + --- + a r ek(y)[Z}. 

Moreover, x € y{(fp c (z))) if and only if a p = = 0. In fact Z is the class of z on the fiber. 
The following are equivalent conditions for the section z and the point y: 

(a) Sl{ P V ){y) > 0. 

(b) f p e(z) = ZP" and ord(^)(y) > 0. 

(c) ord(7?.0 i ^)(y) > 0, the induced finite map, 

-p:V{(f r {z)))^V^\ 

has a unique point, say x, dominating y, and z is a non-invertible at Oy(d) x . 

(d) OY&(Hg t p){y) > 0, V({f p e(z)}) n/3 _1 (y) is a unique point, say x, the local rings Oy(d) x and 
Oyid-i) y have the same residue field, say k{x) = k(y), and if {yi, . . . , y s } is a regular system 
of parameters in V (d-i) y , then {yi, . . . , y s , z} is a regular system of parameters in Oy(d) x . 

Remark 4.5. 1) We shall prove in Proposition 14.81 i) that if a; € Sing(£7) (i.e., if ord(^)(x) > 1), 
all conditions in d) will hold at y = /3(x), whenever a /3-transversal section z is chosen with order 
one at O v w x . Moreover, in such case Sl(pV){y) > 1. 

2) To prove that (c) implies (d) note that if (c) holds, then Z divides f p e(z). As there is only one 
factor, then f p e(z) — Z p , and so the point x must be rational over k(y). 

Theorem 4.6. Fix Q and pV = pV(fi, z, f r {z)) as m lXTl // Sl(pV)(y) = Vv J^ for some index 
j G {1, . . . ,p e — 1}, then Sl(jfP){y) = ord(Ttg t p)(y). In particular, 



SI ( P T) (y) = min { , ord(K ff ,^) (y) } . 



Proof. Let nG(l,...,p e - l}be the smallest index for which Sl{pP)(y) — Vy n ^ . That is, 

n 

(4.6.1) — — - < — — - for i < n - 1 and — — - < y \ for £ > n + 1. 

n i n t 

Recall the definition of the /3-differential operators A' 1 ") in I2.3L As Q is assumed to be a /3-differential 
algebra, then A^' ~ n) {f r {z))W n e Q. 
Note that 

A (pe ~ n) {f p e {z))W n = (dfliz"- 1 + • • • + c^-xan-xz + a n )W n e Q 
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for some elements Cj G k for i — 1, . . . ,n — 1. 

Let AP"- n (f r (z))W n denote the class of A^~ n \f p .{z))W n in O v(d) / {,f r {z))[W\. The scheme 
V (d) I (f P »(z))[W] is a finite and free extension of Oy(d-i) [W]. The norm of the element 

AP^ n (f pC (z))W n = {cxaif 1 - 1 + ■■■ + c n - ian z + a n )W n 

over Oy(d-i) [W] is an element of the elimination algebra of f P '(z), and hence of TZg,/3 (see [Ml). De- 
note this element by G(ai, . . . , a p e)W G TS-g^. In addition, in this case t = np e , and G(V\, . . . , Vp?) G 
fc[T4, . . . , V^e] is a weighted homogeneous of degree t — p e provided each Vi is given weight i. 
Note that, 

(1) G(ai,...,a p e) = aP e +G(ai,...,ape). 

(2) G(ai, . . . , a p =) G (oi, . . . , a n _i). 

To check the last assertion set formally ai = 0, . . . , a„-i = 0, in which case AP°~ n (f p e (z))W n — 
a n W n , which has norm a v n W np . 

Here G is a weighted homogeneous polynomial of degree np e , and each monomial in G is of 
the form a" 1 . . . a°pt with Xw=ii Q; j = n P e i an d a j 7^ f° r some j < n (as G(ai, . . . , a p e) G 
(ai, . . . , a„_i)). 

We claim that u y {a'^ 1 . . . a p S" ) > v y (a v n ) = p e v y (a n ) for any monomial in G. In fact: 

Vy{a x . . . dpi ) = 2^ a j v yV a j) > 2^ a rf n = np — ~ = v kK ): 

j=l i=l 

where the inequality follows from the hypotheses in (|4.6.1[) . In particular, v y (G) > Vyiaf^ ). 

This proves that the order of GW npC (G 1Zg tf s) is = i^^P = v -^- . Hence ord(7e e , /3 )(y) < 

= t/ »( a "- > = Sl{jpP){y). Finally, this inequality together with Sl{pV){y) < ord(TZg^)(y) implies 
that Sl{pV){y) = 0Td(1lg,p)(y). O 

Remark 4.7. Let pT 5 be a p-presentation defined in a neighborhood of a closed point x G T/^ -1 ) 
and assume x G y for some y G In this case, 

Sl(pV)(y) < Sl( P V)(x). 

Recall that Sl(pV)(y) = { lyy ^ a /"- > , ord(1Zg t p)(y)\. Since pP is defined in a neighborhood of x, 
then Vy^CLpn) < v x (a p e). The upper-semicontinuity of ord(7?.g.^) implies that ord(TZg i p)(y) < 
ord(7^ !/3 )(>). Thus Sl{ P T){y) < Sl{ P T){x). 

Proposition 4.8. Fix Q and : — > V^ 1 ^ together with a p-presentation pV = pP(f3, z, f p e (z)) 
as in 12.141 

i) Suppose that Sl(jpV){y) > at y G y^" 1 ) and Zei x be the unique point in V({f p e)) mapping 
to y (see Remark \AA\) . Then, 

x G Sing(C?) if and only if Sl{pP)(y) > 1. 

ii) If f3~ 1 (y) n Sing(^) ^ 0, iften /3~ 1 (y) PI Sing(£) zs a unique point, say q, and: 

iia) If Sl(pP)(y) > 0, then q is the unique point in V((f p e)) that maps to y. 

iib) If Sl(pP)(y) = 0, then the class of a p e is ap e -th power in k(y), sayapi — a p , and the 
class of ai is zero for i = 1, . . . ,p e — 1. Namely, 

JAz) = Z* e +a*° Gk(y)[Z). 

Proof, i) Fix a regular system of parameters {yi, . . . , y s } in V (d-i) y . In this case, {yi, . . . , y s , z} 
is a regular system of parameters in V (d) x , so f p e(z) — z p + a 1 z p _1 + • ■ ■ + a pC G mP x if and only 
if ai G m y . The equivalence now follows straightforward. 

ii) Note that Sing((?) C V((f p e)). Moreover, Sing((/) C T p e, the closed set of points of multiplicity 
p e of the hypersurface V((f p e)). A theorem of Zariski states that (3 induces a set theoretical bijection: 
j3 : J-pe — > /3(J-pc), and matching points have the same residue field. This proves property P0) in 
12.111 fsee [5], 8.4). In particular /3 _1 (y) (~l Sing(C?) is a unique point. 

iia) As q G V((f p e}), the assertion follows from the equivalence of a) and c) in 14.41 
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iib) In this case, y = (3{q) £ Sing(7?.g, ( g) (see P3) in I2.1ip . so ord(TZg ! p)(y) > 1. On the other 
hand, as q G J~ p e, then k(q) = k(y). This together with Theorem 14.61 imply that 

J p 7^) = Z^ +a r ek(y)[Z], 

in 14.41 and that this purely inseparable polynomial is a p e -th power of a monic polynomial of degree 
1, say ZP" +a pC = (Z + a) p ° in k(y)[Z}. 

Corollary 4.9. Fix two p-presentations for Q on . Say, pV, defined in terms of (3 : — ► 
V( d ~ x \ a /3-section z and a monic polynomial f p e(z); and another p-presentation pT" defined by 
P . y{d) — y y{d-x) ) a p'. sec ti on z' , and a polynomial f p e(z'). 
Fix points y £ , y' £ y'id- 1 ) ; and assume that: 

1) Sl(pV)(y) > and Sl{pV')(y') > 0. 

2) There is a point q S which is the unique point mapping to both (see \4-4\ )- Namely, 
P(q)=V and(3'{q) = y'. 

Then, Sl(pV)(y) > 1 if and only if Sl(pP')(y) > 1. In fact, this condition holds when both y and 
y' are image of a point q € Sing(C?). 

4.10. In what follows we fix the simple algebra Q on a smooth scheme , together with a transver- 
sal morphism (3 : — > V^ d ^ x \ and define different p-presentations of the form pV(J3, z, 
(for different choices of sections z). 

Let us denote by F(Q,/3) the set of all such p-presentations. Namely, 

F{Q,P) = {pV(/3,z,f p *(z)) for which (l2.l4.ll) holds} 

There is a natural notion of restriction on local presentations. Let U^ d ~^> be an open subset in 
V^-V, and set as the inverse image ofW^" 1 ). There is a natural restriction of Q , say Q\u, of 
P, say P\u : — > U^ 1 ^, and of the p-presentation pV, so that (12.14. 1[) holds at the restriction. 
For each open C we take all p-presentations F(G\u, P\u)- 

Finally, fix a point y S and set 

HQ,hv) = \jHQ\u,P\u), 

where the union is over all restrictions C containing y. 

Definition 4.11. Fix f3 : — > V {d -^ and Q as in O Define the (3-order at y G V {d -^ as 
(4.11.1) (3-ord (d - 1 \g)(y)= mux {Sl{pV){y)}. 

5. Well-adapted p-presentations. 

5.1. Assume that [3 - ord ( - d ~ 1) {Q){y) > 0, and let pV be a p-presentation involving f3. Here we 
sketch a criteria which will allow us to decide when, for a given point y E V^ d ^ x \ a p-presentation 
pV is such that (3 — ord^ 1 ^ (G)(y) = Sl(pV)(y). So well-adapted p-presentations at a singular point 
will ultimately be giving us the value of the inductive function at such point (see Corollary I7.3[) . 

The starting point of this discussion grows from the observation that when Sl(pP)(y) > 0, the 
following cases can occur: 

A) Sl(pV)(y) = oTd{Hg,p)(y) 

B) Sl{pV){y) = ^jfl < ord(Kg,p){y) (see Theorem [H]) , an d 

Bl) i z >0 . 

B2) ^ly) g ^ >0 anc j In 3/ (a p e) is not a p e -th power at Gr y (Oy(d-i) y ). 

B3) Vy ^°^ £ Z >0 and In y (a p e) is a p e -th power at Gr y {Oy(d-i) y ). 

We shall prove that a new p-presentation pV' can be defined with the condition Sl(pV')(y) > 
Sl(pP)(y), only in case B3). This leads to the cleaning process developed in Proposition 15.31 

This cleaning process relies on suitable changes of the transversal section z. The finiteness of 
this process will be address in Remark 15.71 In Proposition 15.81 we show that these changes of z, in 
this cleaning process, can be done so as to be compatible with the notion of monomial contact; a 
property that will be used in the proof of Main Theorem 2. 
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Proposition [5J5] will be useful in the study of p-presentations and its compatibility with monomial 
transformations. 

5.2. Let pV =pV(P,z,f p e(z)) be a p-presentation and fix y e V^ 1 ^. Suppose Sl(pP)(y) > 0. We 
study changes of the p-presentation pV obtained by changing the /3-section z by another of the form 
uz + a. Here u and a are in Oy(d~i) y and u is a unit, so the change is a composition of Z\ = uz 
and Z2 = z + a. The function u is a unit (invertible) at any point in an open neighborhood of y, say 
U( d ~~ 1 \ This is to be interpreted as a new p-presentation, defined at the restriction of both Q and 
over = ^{U^'^) as in QUI 
For a change of the form z\ — uz, set pV\ with 

fp-( z i) = uP ° f P '( z ) = A. + uaizf _1 H h u pS a p e e V ( d -i )y [zi}. 

Clearly, Sl(jpV){y) = Sl{pVi){y) and also Cases A), Bl), B2), and B3) in O are preserved. 
Henceforth we study only changes of the form z 1 = z + a. 

At Gy(d-l) t y[z] — Oy(d^l) y [z'], 

(5.2.1) fp-(z) = fpe(z') = z' p + a' 1 z' p -\ \- a' pe € Oy(_d-i) ty [z'], imd 

(5.2.2) a' r =a p ° + a^^ 1 + ■ ■ ■ + a p .. 

Define, as before, a new presentation, say pV' , with these data at a suitable restriction to a neigh- 
borhood of y. 

Proposition 5.3. (Cleaning process). Fix the setting and notation as above, where the function 
P - ord ( - d - 1 \G){y) > and inhere pV is such that Sl{pV){y) > 0. 

Assume that Sl(pV)(y) = v ^ p - < ordCTZg a)(y)- There will be a change of the form z' — z + a, 

defining a new presentation pV' as in 15.21 so that 

Sl(pV)(y) < Sl(pV')(y) if and only if case B3) holds in 15.11 for vV. 

Proof. Theorem [OH ensures that if Sl{pV){y) = < ord(^ e «)(y), then 

p e 

(5.3.1) < ^/K) for j = l,..., p e -l. 

p e i 

Set z' = z + a as above. If v y (a) < — ^ pe - then the previous inequalities applied to ([5.2. 2p show 
that v y {a' pe ) = v y (aP"), so Sl{pV'){y) < Sl{pV)(y). 

Assume that v y (a) > — ^. pC - . For each summand in (|5.2.2[) of the form aia p "~ l , i — 1, . . . ,p e — 1, 

VyiaioP ~ l ) = {p e - i)v y {a) + v y (ai) > 

(5-3-2) vAa v A v v (a v c) ^„(a D e) . . 

> ( P e - %)v v {a) + i^r 1 > ip e ~ i)^ 1 + ^^f 2 = "vM- 

Therefore (|5.2.2[) can be expressed as 

(5.3.3) a' p e=a pe +A + a p e, 

where v y (a v ) > v y (a p c) and v y {A) > v y (a p e). 
On the other hand, 

a' n = A (p ~ n \f P ')(a) = c 1 a n ~ 1 a 1 H h c„_iaa„_i + a n , 

where Cj G k for j = 1, . . . , n — 1. 

For each summand of the form aja n ~ J , j = 1, . . . , n, 

VyiajOt 71 - 3 ) = {n-j)v y {a) + t/„(a,-) > 

> (n-j )v y {a )+] — > [n-j) — +j — = . 

p e p e p e p e 

In particular, > v ^ a f\ 



18 ANGELICA BENITO AND ORLANDO E. VILLAMAYOR U. 

One can easily check now that if Bl) holds, then f^(z') = z' p + a[z /p ~ x + • • • + a' pC in 
is also in case Bl), and Sl(pV)(y) = Sl{pP'){y). 

The same arguments apply if B2) holds, namely f p e(z') is also in case B2), and Sl(pP)(y) = 
Sl{ P V'){y). 

On the contrary, in case B3) it suffices to choose a so that v y (aP + a p c) > v y (a p i) to get 
Sl{ P V){y) < Sl{ P V'){y). O 

Remark 5.4. In Proposition 15.31 we assumed that (3 — ord^ 1 ' (Q)(y) > 0, and pP was such that 
Sl{pV)(y) > 0. Suppose that (3 - ord{Q){y) > and Sl(pT)(y) = 0. In this (a p i) = and 

p) = ^+ve%)[z]. 

Namely, <Zj = 0, i = 1, . . . ,p e — 1 (see Theorem 14. 6p . 

If Z p +a p e = (Z + 5) p G k(y)[Z] for some S G k(y), then a change of the form z' = z + a, where 
a G Oy(d-i) y maps to 8 in k(y), will define a new presentation, say pP', and Sl(pV)(y) > 0. This 
is always the case when y is the image of a point x G Sing(C?) (see Proposition 14. 81 iib) ) . 

Definition 5.5. Let pV be a p-presentation. We say that pV is well-adapted to Q at y G V^" 1 ' 
whenever one of the two cases holds: 

(1) Sl(pP)(y) > and either case A), case Bl) or case B2) in l5.1l holds. 

(2) Sl{pV)\y) = and 

A) oi&{Kg^){y) = 0, or 
B2) u y (a p e) = < ord(TZg j ff)(y) and a p c G k{y) is not a p e -th power. 

Remark 5.6. Fix q G Sing(C7) and a p-presentation pV = pV(j3, z, f P '{z)) which is well-adapted to 
/3(q), then Sl(pV)((3(q)) > 1 (Proposition 14. 8p . and z is an element of order one in V (d) „ (Remark 
1431) . 

Remark 5.7. Finiteness of the cleaning process. 

When Case B3) occurs, is y (a p e) = £p e for some integer £ > 1, and 

ln v (a p e) = F? e 

for some homogenous polynomial F of degree £ at GT v (0 V (d-i)). In this case, we define z' = z + a 
for some a G O v{d -i ) y such that ln y (a) = F. Thus Sl{pV){y) < Sl{pV'){y). 

If this new presentation pT" = pV'(f3, z' , f pC (z')) is within Case A), Bl) or B2) then stop. If, on 
the contrary, fL(z') is in case B3), then 

i) v y {a' p e) = £'p e (with £'>£), and 

ii) ln y (a' pe ) — (F') p for some homogeneous element F' of degree £' at Gi y (0 V {d-i) y ). 

So again we can set z" = z' + a! for some a' G V (d-i) y with ln y (a') = F'\ and Sl(pV'){y) < 
Sl{pV")(y). This shows that with this procedure of modification of the transversal section, locally 
over y, the slope will increase every time we come to Case B3). Finally, Remark l4~3l guarantees that 
Case B3) can arise only finitely many times throughout this procedure. So ultimately the procedure 
leads to a well-adapted p-presentation. 

Proposition 5.8. Assume that pV is compatible with a monomial algebras Oy(d) [M.W S ] as in 
\3.1(A Then the cleaning process to obtain a well-adapted p-presentation at a point preserves the 
compatibility with Oy{d) [MW S \. 

Proposition 5.9. Simultaneous adaptation. 

Let pV — pV{P, z, f p e{z)) be a p-presentation compatible with a monomial algebra AiW s . Let y 
and x be points in V^^ 1 ^, so that x G C — y, and assume that Oc,x is regular. Then, 

A) It can be assumed that pV is well-adapted to Q at y, defined in a neighborhood of x, and 
compatible with MW S . 

B) There is a p-presentation which is well-adapted to Q both at y and x, and also compatible 
with MW S . 

Proofs of Propositions I5.8h wrf l5.9l Once we fix a p-presentation, say pP = pP{(3 1 z, f p <i) and a point 
y G cleaning applies either in the case of Remark |5. 41 or of Remark 15.71 In both cases, the 
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condition is given by the fact that In y (a p e) is a p e -th power, cleaning consists in finding a E Oy{d) y 

so that (ln v {a.)y — In y (a p e). 

We face now the proof of Proposition 15.91 Fix a p-presentation pV locally defined at Oy(d-i) x . 
Set p C Oy(d-i) x the regular prime ideal corresponding to y (so that localization at p is Oy{d-i) ^ y ). 
Cleaning is necessary at Oy{d-i)^ y if and only if In y (a p e) is a p e -th power in gr y (0 V (d-i) y ). Since x is 
a smooth point at y, then gr p (Oy(d-i)) is a regular ring and Inp(a p e) E gr v (Oy(d-i) x ) and by local- 
ization by passing from [gr p (O v <d- i))]o to the total quotient field, we get In y (a p c) E gr y (0 V (d-i) ). 
Hence Inp(a p i) is a p e -th power if and only if In y (a p e) is a p e -th power. This ensures that the 
element a, used in the cleaning process at y, can be chosen to be an element in Oy(d-i) x , and 
hence the cleaning process at y can be done so as to obtain a new p-presentation with coefficients 
in Oy(d~i) x . 

Once we assume that pV is well-adapted at y, we want to study the "adaptability" of pV at x. 
Note here that the only case to be considered occurs when Sl(pV)(x) — — ^ a f" - < ord^g^ )(x) and 
In x (a p i) is a p e -th power. Here, we prove, under this last assumption, that the cleaning process at 
x can be done without affecting the fact that the presentation is already well-adapted at y. 

Consider a regular system of parameters {yi,.-.,yi,yi+i,-.-,yd-i} a t V (d-i) x so that p = 
(yi, . . . ,yt). There are two cases to consider, case Sl(pV)(y) — ord(1lg t p)(y) and case Sl(pV)(y) = 
< ord(Kg tl3 )(y). Assume that the latter case holds and set "« (n / e) = Ji. Theorem Ol savs 
that ^fl < f^il for j = 1, . . . ,p e - 1. 

At the completion, a p c is a sum of monomials of the form y" 1 . . . yf'y^^ 1 ■ ■ ■ y^l^ 1 with a\ + ■ ■ ■ + 
ae > n. We can identify In x {a p <i) with a sum of some of these terms. If there is an element a € 

Oy(d-i) x so that ( y In x {a)) P = —In x (a p e), then a E (yi, . . . ,yi) and, in particular, v y (a) > ^ 
A change of variables of the form zi->z + a produces a new independent coefficient of the form: 

a'pe = a p + a x a p _1 + • • • + a p =, 

where ^(aja^- 3 ) > j- p r+(p e -j) p r = n, for j = f , . . . ,p e -l; sov y (a' p ,) > min{^(a p ° ), v y {a r ))} > 
n and the new presentation is still well-adapted at y. 

In case Sl(pV)(y) — ord(7^g^)(y) = -, the same arguments leads to the existence of a E V ( d -i) 
so that Vyipc) = — which again ensures that the change of variables z H> z + a (needed for the 
cleaning process at x) does not affect the slope at y. 

To prove Proposition l5.8l iust notice that such change can be achieved with aW E Oy(d-i) 
Similar arguments as before applies here to show that the new coefficients a' n W n E V (d-i) [MW S ] 
(n = l,...,p e ). 



6. Transformations of ^-presentations. 

6.1. In the previous sections some invariants were defined in terms of p-presentations. In this section 
we discuss a form of compatibility of these invariants when applying a monoidal transformation along 
a smooth center C. 

The starting point will be a notion of transformation of p-prcscntations in 16.21 A monoidal 
transformation defined by blowing-up a smooth center C introduces an exceptional hypersurface, 
say H . The aim of the section is to relate the value of the slope SI at the generic point of H with the 
value of SI at the generic point of C (see Proposition l6.6[) . This result will be an essential ingredient 
for the proofs of Main Theorems in this work. 

6.2. Take a p-presentation pV = pV((3, z, f p c) of a simple /3-differential algebra Q on V^. Namely, 

a smooth morphism V^ d ~ 1 - ) , a /3-section z and a monic polynomial / p = (z) — z p +a\z p _1 + 

• ■ • + a p e. Assume that C C Sing(C?) is a closed and smooth center, and that z E 1(C). Locally at a 
closed point x E C, there is a regular system of parameters {z,xi, . . . ,Xd-i} and, after restriction 
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to a suitable neighborhood of x, 1(C) — (z, x%, . . . , xt). Consider the commutative diagram 

(6.2.1) g g 1 

y( d )< ™ yW 

\p {ft 

and recall that Sing((?i) C can be covered by afhne charts U Xi , 



Uxi = opec lU V (d) [—, — , . . . , ,Xi, , . . . , — ,X£+i . . . ,x d -i\ j, 

\ Xi X\ Xi Xi Xi / 

for i = 1, . . . ,t; and also v[ d ^ is covered by charts U' x . 

U x . = Spec \U V (d-i) [ — ,x i: x i+ i...,x d -i\ J. 

\ Xi Xi Xi Xi / 

Note that the strict transform of z, say Z\ = — , is a transversal parameter for U Xi — > U' x .. 
The hypersurface defined by f p e at has multiplicity p e along points of C. Let 

f£\z 1 ) = zf +a( 1) z^- 1 + -.- + 4l ) 
denote the strict transform of f p e(z). These data define, locally, a p-presentation of say pPi = 
pPi{Pii z i, fpl ), which we call the transform of pV = pV(f3, z, f p i). 

Remark 6.3. (1) In the previous discussion we have assumed that z e 1(C). If C is irre- 
ducible, this condition will hold for any p-presentation pV(J3, z, f p e) well-adapted at £/3(C)i 
(the generic point of (3(C) in V^ 1 ^). In fact, after a suitable restriction to a neighborhood 
of the closed point x € C, the simultaneous cleaning procedure at f3(x) and £^(c)j an( i the 
fact that C c Sing((J) will allow us to modify z so that z S /(C) (see Proposition [53]). 
(2) Note that the exponent p e (the degree of the monic polynomial), is also preserved by trans- 
formations of p-presentations. 

Remark 6.4. A point y g V^ d ^ has an image in , say it /3(c) (y)- If V is not in the exceptional 

locus of 7r /3(c) 1 there is an open neighborhood, say U, of 7r^(c)(2/) over which both 7rc and ^p(c) are 
the identity map. Thus the restriction of both p-presentations pV and pT^i to [/ coincide. 
In particular, 

Sl(pV 1 )(y) = Sl(jpV)(-K P{c) (y)) 

whenever y g is not on the exceptional locus. Moreover, if pV is well-adapted to g at 

7r ^(C)(y)j then the same holds for pV\ at y. 

Remark 6.5. Fix x € Sing(^) a closed point so that Tg tX — 1 and assume that C is a permissible 
center containing x. Let pV(/3, z, f p i) be a p-presentation. Denote by y the generic point of /3(C). 
Assume that pV is well-adapted simultaneously at (3(x) and y and, in particular, Remark 16.31 (1) 
says that z e 1(C). 

The intersection of the strict transform of f p i with the exceptional locus tt^ 1 ^) is defined by 
I n c(fp c ) C <?f/(c) (Oy(i) ) As C is an equimultiple center for / pe , the intersection of the strict 
transform with points of ^^(x) is determined by In x (f p i). 

Finally as tq. x = 1 and pV is well-adapted at x, then In x (f p c) = Z v , and hence x' G {z\ = 0} 
for any x' £ Sing(C?i) mapping to x, where Z\ denotes the strict transform of z. 

Proposition 6.6. Let C be a permissible center passing through a closed point x € Sing(C?) and 
assume that Tg -X = 1. Fix a p -presentation pV((3, z, f p e). Let y denote the generic point of (3(C) 
and assume that pV is well-adapted to g both at (3(x) and at y. Define a monomial transformation 
with center C. Then: 

(1) The transform pV\ is well-adapted to g± at (the generic point of the exceptional hyper- 
surface H C V( d_1 ) ). Moreover, 

SI(pPi)(Zh) = Sl( P T)(y) - 1. 
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(2) //, in addition, pV is compatible with a monomial algebra, say Oy(j-i) [I(Hi) hl . . . I(H r ) hr W s ] 
then pV\ is compatible with the monomial algebra 

CVc-u [/(ffi)' 11 . . . I(H r pI(HyW s ], 

where 2 = Si(pP x )(&r) - SHpV){y) - 1. 

Proof. Note that (2) follows from (1). Set 

(6.6.1) pP pPi 

y = &(c) £h 

where H is the exceptional hypersurface, and 

is the strict transform of f p ?{z). At points of [7 S( , Zi = — and the coefficients On factor as 

(6.6.2) a^=x^- n a' n =x^a' n , 

where a' n denotes the strict transform of a n and r n — v y {a n ) — n, for n = 1, . . . ,p e . 
Different cases can arise under these assumptions, we classify them as in 15.11 

(A) Suppose that Sl(pP)(y) = ord(lZg^)(y) and, in particular, that ^ > ord(7£g ,p){y) ■ At 
the points of Sing(^i) (1 L 7 ^, 

- - 1 > ovd(TZ g , )(y) 1 = ovd((n g ^m H ). 

p p 

Thus pPi is well-adapted to Q\ at £h (case A) in 15.11 and Definition [53]) . 

(B) Suppose that 

Sl(pV)(y)= V -^ <ovd(n g>fi ){y). 
p e 

(B.l) Assume now that Z >0 . In this (a p e) > p e and, in addition, v y {dj) > j 

for j — 1 . . . ,p e — 1. In particular, Vp( x )[<ij) > j for J ' — 1, • ■ • ,p e and hence In x (/pe) = 

Lemma l6~5l (2) applies so Sing((?i) n H i+1 C {zi = 0}. Under these assumptions, 

v _ ^KO _ j < ^KO _ 1 = H 

p e p e j j 

for j = l,...,p e — 1, and ^ Z>o- So, locally at any closed point x' <E Sing((?i) 

mapping to x, pV\ = pVx(/3x, Zi, fpl ) is of the form Bl) in 15.11 and therefore well- 
adapted to Gi at 

(B.2) Suppose that — p a e p ° = r e Z>o and rg^ = 1. The singular locus at any exceptional 



point mapping to x is contained in the strict transform of z as indicated in Remark [ 
Consider ln^ C ){<h> e ) e Gr i(P(C)){O v{d -^) = O fj{c) [X 1 , . . .,X e ], and set 

In0 (C )(<v) = 51 6 « M "' 

|a|— rp e 

which, by assumption, is not a p e -th power. 
(B.2. a) First assume that In^(c)(a p e) ^ 0g(c)[A"f ,...,Xf ]. In this case, as the degree of 
I n /3(C)( a p e ) is a multiple of p e , there is a multi-index a = (ai, . . . , ai) with at least two 
integers which are not multiple of p e , and b a ^ 0. 

We claim now that a' pC restricted to the exceptional hypersurface Xi = 0, say a p „, is 
not a p e -th power. This can be checked using the existence of the previous multi-index 
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This ensures that pV\ is in the case B2) in 15.11 and hence that pV\ is well-adapted to 
Gi at 

(B.2.b) Suppose now that any M a is ap e -th power whenever \a\ = rp e . Recall that Inp( C ^(a p e) 
is not a p e -th power, so some b a is not a p e -th power. Setting as before a' p c as the 
restriction of a' p<1 to the exceptional hypersurface, then one checks that a' pC is not a 
p e -th power as b a is not a p e -th power. So again pV\ is well-adapted at 

O 

7. On the two Main Theorems 

7.1. Fix a smooth scheme and a simple algebra Q which we assume to be an absolute differential 
algebra. This ensures that Q is a /3-differential algebra for any smooth transversal morphism f3 : 
y(d) — > yi^ 1 ). It is under this last condition that a function /3 - ord {d -^(G) : — > Q was 
defined in 14.111 The same holds for any other /?' : W d) — > V'^ d ~ 1 ' 1 transversal to Q. 

A sequence (13 . 1 . 1[) of permissible transformations of Q induces two diagrams 
(7.1.1) 

G Gl Gr G Gl Gr 

vW V W . V W V W V W . 

1/3 \Pr 1/3' |/s; |/3; 

K (J-i) y^-D - ^V^" 1 ) V**-V ^ ~ 1} - ^{rf-D 

Theorem 7.2. (Main Theorem 1). Assume that the previous setting holds. Then, for any point 
q G Sing(5 r ), 

r - ord(G r )W(q)) =Pr~ ord(G r )W (q))- 
Moreover, if pV — pV(/3 r , z, f p e) is well-adapted to Gr at q, then 

(3 r - ord{Gr){Mq)) = Sl(pT)(P r (q))- 
Corollary 7.3. The previous result enables us to define a function along Sing(C? r ): 

v - ord^iGrK-) : Sing(^r) — »■ Q. 
Moreover, if pV = pV(f3 r , z, f p e = z' p + a\z v _1 + ■ • • + a p c) is well-adapted to Gr at Pr( x ) ( x G 
S\x\g(G r )), then 



^ (d - 1 ^g r )(o:)=min{ ^ (x) e (ape) ,ord(^ g ^)(/3 r (.T))}, 



7.4. Recall that the exceptional locus of the composite map ^— V r m (|3 . 1 . If) . say {Hi , . . . , H r }, 
is a set of hypersurfaces at Vr and it is assumed that the union has only normal crossings. 
We now attach to the sequence (|3.1.ip a monomial algebra supported on the exceptional locus: 

(7.4.1) M r W s = VrW [I{H x ) hl ...I{H r ) h "W s ], 

with exponents hi G Z>o defined so that: 

q Hi := - = v - orS d - 1 \G l -i)^ Cl ) - 1 
s 

where denotes the generic point of each center Cj (i = 1, . . . , r). 

Here s is a positive integer so that {qn l: . . . ,qn r } C -Z. As Rees algebras are considered up 
to integral closure, Ai r W s is independent of the choice of s; and will be called the tight monomial 
algebra of Gr or the tight monomial algebra defined by (|3.1.1[) . 

Theorem 7.5. (Main Theorem 2). Fix a sequence of permissible transformations as iS.l.l]) . Let 

A4 r W s denote the tight monomial algebra defined in \7.4\ Then, at any closed point x G Sing(£/ r ), 
Ai r W s has monomial contact with Gr, i-e., there is a f3 r -transversal section z of order one at Oy(d) 
for which 

Gr C {z)WQM r W S . 
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7.6. The two previous Main Theorems will lead us to the notion of strong monomial case, to be 
discussed now in Part II. The main result concerning the strong monomial case will be given by 
Theorem 18.131 which ensures resolution of singularities in positive characteristic if one could achieve 
some numerical conditions. Condition which are achievable for two dimensional schemes. 

Part II. Strong monomial case. 

8.1. In this second part we address the proof of 11.41 (2). Given a simple differential algebra Q in 
and a sequence of transformations, say 

(8.1.1) g g 1 g r 

vW ^- V W^ ^yM, 

we have defined: 

• a function v - ore^" 1 ) (&)(-) : Sing(£? r ) — > Q (see EH). 

• a monomial algebra A4 r W s in Vr d \ called tight monomial algebra, supported on the excep- 
tional locus of the sequence (see !7.4[) . 

We begin this part by showing that the inequality 

(8.1.2) v - ord^-^iQrXx) > ord(M r W s )(x) 

holds at any closed point x G Sing(C? r ). The main objective is to study the case in which equality 
is achieved at any closed point of Sing(C? r ). This will be called strong monomial case in Definition 
18.41 and we prove that: 

(1) The strong monomial case is stable under transformations (Proposition 18. 12")) . 

(2) It parallels the so called monomial case in characteristic zero. Namely that if Q r is in the 
strong monomial case, then a combinatorial resolution leads to a resolution of Q (Theorem 

EM- 

Remark 8.2. Let pV(f3 r , z, f p e) be a p-presentation compatible with Ai r W s (Definition 13.101) and 
well-adapted to Q r at x = (i r {x) for x G Sing((/ r ) (Definition 15. 5p . We denote x = (3 r (x) along 
this section. In this case, z must be an element of order one at the local ring Gy(d) x (see Remark 

f5~6l) . and f p *(z) = z p ° + a 1 z p ' 1 ^ 1 H h a p e, where ajW j G M r W s for j = 1, . . . ,p e . In addition, 

(TZr. fA, c M^W S (Definition l3~T0l (2^. 

It follows from the previous discussion that ord((7?.g j/ g) r )(x) > ord(7W r I4 7S )(x) and — ^ ° J ^ > 
ord(M r W s )(x) for j = 1, . . . ,p e . In particular, 

v - orS d - l \g r ){x) = min { v ^ e \ rd((^ g ^) r )(x)} > ord(X r VK s )(x). 

This proves (|8 . 1 .2[) for any pV((3 r , z, f p e) as above. 

8.3. We shall say that a Rees algebra is within the monomial case when its elimination algebra is 
monomial, as stated in Theorem l3.8l We shall assume here that Q r is in the monomial case. Namely, 
that (Tig,p)r — N r W s is a monomial algebra. Without lost of generality fix s G Z as in (|7.4p so 

(8.3.1) N r W s =I{H l ) ai ...I{H r ) a ^W s and M r W s = 7(i?i)' 11 . . . I{H r ) hr W s (seeEU), 

and note that the monomial M r divides M r (i.e., a,i > hi for any i = 1 . . . , r). 

Definition 8.4. Q r is said to be within the strong monomial case at a closed point x G Sing((Jr) if 

v - ord {d - 1] {g r ){x) = ord(M r W s )(x). 

We say that Q r is within the strong monomial case if this condition holds at any closed point 
x G Sing(£ r ). 

The following provides a characterization of this case. 

Theorem 8.5. (Characterization of the strong monomial case). Fix a closed point x G 
Sing(C?r)- Let pV {fi r , z, f p <s) be well-adapted to Q r at x = (3 r (x) and compatible with the tight mono- 
mial algebra A4 r W s . The algebra Q r is in the strong monomial case at x if and only if one of the 
following conditions holds in an open neighborhood, either 
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(i) {Tl g , ) r = M r W s , or 

(ii) The Oy(d-i) -algebra spanned by a p <;W p , namely Oy(d-i) [a p e W p ], has the same integral 
closure as Oy(d-i) [M r W s ] . 

The first condition holds if and only if v — ord^ 1 \Q r ){x) = ord((72.0 jj a) r )(x). 

Proof, (i) Fix x £ Sing(C? r ) and denote by E x = {Hi 1 , . . . , Hi e } the set of exceptional hypersurfaces 
containing x. Let A x — {ii, . . . , ii] be the set of indexes of E x . 

If v — ord^ 1 ^ {Q r ){x) — ord((7?.g i/ 3) r )(x) and Q r is within the strong monomial case at x G 
Sing(5r), then 

ard((Hg,p) r )(x) = ord(AW s )W = £ h % . 

Since on > hi for any i, then hi = a% for any i G A x . So A4 r W s — (7lg,p)r at x. 

Conversely, if M r W s = (lZg,p) r locally at x, then the inequality v-ord^ d ~^ (Q r ) (x) > ord(M r W s )(x) 
in (|8.1.2p must be an equality since v — ord^ 1 ^ (Q r )(x) = min j , ord((7?.g l g),.)(x)| , and 

^f^- > ord(M r W s )(x.) = ord(7e Sl/ 9)(x) (see Remark^). 

(ii) Suppose now that v - ord<- d -V (Q r )(x) = u ^f ] < ord((72.g )/3 ) r )(x). Recall that a p eW p " S 
M r W s , so apeWP" G M^r ^W p ° ' , where M\? ' is the monomial ideal defined in Remark ETrJl 

Set a pC — M}r 'a', for some a' G O v id-i) x . We claim that a' is a unit, and that A4 r W s and 



J\A.r W p have the same integral closure. 

Assume first that Q r is in the strong monomial case at x G Sing((? r ), so ord(A4 r W s )(x) — ""^f^ . 

Then ovd(M r W s )(x) = v ^f ] > ord{M l f ] W p °)(x). Remark EU implies that equality must hold 

and both monomial algebras, Mr W p and A4 r W s , have the same integral closure. In particular, 
a' is a unit, and the algebra spanned by a p eW p has the same integral closure as that of M. r W s . 

Conversely, if the algebras generated by a p ^W p " and M. r W s have the same integral closure, 
we claim that v - ord {d -^ (G r )(x) = " x{ p 2 ?° ) . To show this, use (15X21) to check that " x(a / e) > 
v — ord^ d ^ 1 \Q)(x) > ord(M. r W s )('x) = ^2m1> _ g 0j finally, Q r is in the strong monomial case at 
x G Sing(£ r ). 

Remark 8.6. Let Q r be in the strong monomial case at the closed point x G Sing(C/ r ). Then we 
claim that the following conditions hold for a p-presentation pV in the conditions of Theorem 18.51 

(1) In case (i), the transversal parameter z defines a hypersurface of maximal contact. In 
particular, there exists an open neighborhood of x where (7\Lg,^) r = Af r W s — M r W s . 

(2) In case (ii), the monomial algebra can be described as M. r W p " (i.e., s — p e ) where M r is 
not a p e -th power. 

For (1), note that ajW^ G {Ttg,p) r and that zW fulfills the integral condition 
\ p " + {^W 1 )^- 1 + ■■■ + (a p e - f r (z))W p ° = 

(2) follows from the fact that pV is well-adapted to Q r at x and compatible with M. r W s (sec 
Section[5]). That is, In x (a p e) is not a p e -th power and a p eW p — M. r W p (a p e = Ai r )- 

Lemma 8.7. Let Q r be in the strong monomial case, and set (7Zg,f3) r = Af r W s as in Iff.ffl Fix 
Sing(C?r) so that x = /3 r (x) is closed and x G y. Let pV((3 r , z, f p e) be well-adapted at x and 
fi r {y) and compatible with M r W s . 

(A) Ifv - ord( d -V(g r )(y) = OTd((K g ,p) r )((3 r (y)), then 

(Al) there is a dense open set U C y so that v — ord^ d ~ x ^ (Q r )(x') = oid((TZg^) r )(f3 r (x')) 

and J\f r W s = M r W s at any x' G U. 
(A2) ord((R g ,p) r )(/3 r (y)) = oyd{M r W s ){fi r {v))- 

(B) Lf v — ord^ 1 ^ {Gr){y) < ord((7?.g .p) r ){f3 r {y)) , then at each closed point x G y (c Sing(^r))-' 



v - orS d -V(g r )(x) = < ord((^),.)(x). 
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Proof. (A) Note that (A2) follows from (Al) (since N r W s = M r W s at any x G U). 

Let E y = {Hj ly ...,Hj e } denote the set of exceptional hypersurfaces containing y with set of 
indexes A y — {ji, ■ ■ ■ Set A~ = {l,...,r} \ A y . Consider a closed point x' so that x' G 

y\U - eA - Hi. Fix a p-presentation pV((3 r , z, f p e) well-adapted to Q r both at /3 r (x') and (3 r (y). Note 
that, for such x', and since (1Zg,f))r is a monomial algebra supported on the exceptional components 

ord((R,g,f}) r )(p r (x )) = ord((Hg t p) r )(/3 r (y)) < < 



p e p e 

So in this case, v — ordS^ 1 ' {Q r ){x') = ord((TZg,p) r )(f3 r (x')) and since Q r is in the strong monomial 
case, OT&{M r W s )(p r (x')) =v- ord^XQ^x') = m&{{Kg^) r ){p r {x')). Finally, argue as in the 
Proof of Theorem 18.51 to conclude that oti = hi for all i 6 A y . Hence {1Zg,p) r = M r W s = A4 r W 3 . 
In particular, 

ard({Hg,p) r ){Pr(v)) = ord(M r W s )(My)). 
(B) Fix the closed point x € y and a p-presentation pV(ft,z,f p e) well-adapted to x = f3 r (x) 
and Pr{y) and compatible with M. r W s . Assume, on the contrary, that v — ord!- d ~ 1 \Q r ){x) — 
ord((^e, /9 ) r )(x)( = ord(AW s )(x)). Remark gj (i) ensures that (TZg.p) r — A4 r W s in a neighbor- 
hood of x. In particular, ord((7^g jl a) r )(/3 r (y)) = ord(M r W s )(/3 r (y)), so 

v - arS- d - l \G r ){y) = VpAv)( f pe) < OTd((R.g, )r)(l3r(y)) = ord(M r W')(fl r (v)), 

p 

which is in contradiction with the fact that a p eW p G M. r W s locally at y (see Remark l8.2p . O 

Corollary 8.8. Let Q r be within the strong monomial case at a closed point x G Sing(£/ r ). Let 
y G Sing(£? r ) be a point so that x Ey. Then, 

v - ord^ d - l \g r ){y) = ord(AW s )(y). 

Proof. (A) When v - ord^ 1 ) (G r )(y) = ord((lZg t p) r )(f3 r (y)) the assertion is (A2) in LemmaO 
(B) Assume that v - ord^ d -^(g r )(y) = ^^f ape) < oid((Hg,p) r )(p r (y)). At the closed point 
x G y, Lemma IO (B) ensures that ord(M r W s ){x) = v - orrf^ 1 ' (<? r )(x) = < 
ord((7?-e^) r )(x). Theorem 18.51 asserts that, locally at x, the algebras generated by a p eW p " 



and M r W s have the same integral closure, so ^irM^sll — ord(M r W s )((3 r (y)). 



8.9. Assume that Q r is in the strong monomial case. Corollary 18.81 says that both functions 
v — ord^' 1 ^ (Q r )(—) and ord(M r W s )(— ) take the same value at any point of Singer )■ In particular, 
whenever Q r is in the strong monomial case, the function v — ord tyd ~ 1 \Q r ) is upper-semicontinous. 

We now prove that the strong monomial case is stable under transformations. 

Remark 8.10. When Q r is within the strong monomial case, and C C Sing(£/ r ) is a permissible 
center, then Corollary 18 . 81 shows that f3 r (C) is also a permissible center for the algebra generated by 
M. r W s (i.e., (3 r (C) Sing(A4 r W s )). In particular, the transform of the tight monomial algebra can 
be defined. 

Lemma 8.11. Assume that Q r is in the strong monomial case. Let C C Sing(C/ r ) be an irreducible 
permissible center. Let Vr V^T^ be the monoidal transformation with center C . Denote by 

A4' r+1 W s the transform of M. r W s and by M. r +\W S the tight monomial algebra of r +i- Then, 
M' r+1 W s =M r +iW s . 

Proof. By definition, the tight monomial algebra of the transform, say Q r , is of the form 

M r +iW s = /(i/i)' 11 . .. I{H r ) K I{H r+1 ) h ^W s , 

where the Hj are the strict transforms of the previous exceptional hypersurfaces (j = 1, . . . , r) and 
H r+ i is the new exceptional hypersurface introduced by ire- Recall that h r +i — qn r+1 • s where 
QH r+1 = v — ord^ d ~ 1 \Q r )(S l c) — 1, an d £c denotes the generic point of C. On the other hand, 

M' r+l W s = I{H x ) hl . . . I(H r ) hr I{H r+x yW s , 
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where ^ = ord(A4 r W s )(y) — 1 and y denote the generic point of /3 r (C). Corollary 18.81 asserts that 
in the strong monomial case v — ord^ 1 ^ (G r ){£,c) = ord(A4 r W s )(y). Thus, 7 = qn r+1 , and hence 
M' r+1 W s = M r +iW s . ' O 

Proposition 8.12. (r = 1-stability of the strong monomial case). Suppose that Q r is within 
the strong monomial case. Let C be a permissible center. Assume that Tg r>x = 1 at a closed point 
x € C. Consider the monoidal transformation of center C , say V r [d) V^f\ Then, over an 
neighborhood of x G Smg(£/ r ), the transform of Q r , say Gr+i, is within the strong monomial case. 

Proof. Fix a p-presentation pV(/3,z,f p e) well-adapted to Q r both at x = /3 r (x) and at $,p(c), and 
compatible with M r W s . Here ^(c) denotes the generic point of f3 r (C). Set f P ^(z) = z p ° +aiz p °~ 1 + 
ha p .. 

Proposition 16.61 asserts that pV\ is well-adapted to Gr+i at £ff r+1 , the generic point of H r +\ (i.e., 
the new exceptional hypersurface), and pV\ is compatible with the tight monomial algebra of Gr+i, 
namely M r +iW s . 

We claim that pV\ is well-adapted to Gr+i at x' = f3 r+ i(x') for any closed point x' G Sing(£7 r+ i) 

v /(a (1) ) 

mapping to x. In particular, that v — ord^ 1 ^ (G r +i)(x') — min{ 31 /" , ord((7^g^) r+ i)(x , )|, where 

alp 1 ) denotes the independent term of the strict transform f p l\zi). 

As Q r is in the strong monomial case at x, then either M. r W s = (Tlg,p)r — MW S , or the 
algebras spanned by a p eW p and M r W s have the same integral closure. Lemma [8.111 asserts that 
the transform M r W s (the tight monomial algebra of Q r ) is Ai r +iW s , the tight monomial algebra 
of Gr+i- Hence, at conditions (i) or (ii) in Theorem 18.51 are preserved. Thus, if the claim is 

true, then Gr+i is also in the strong monomial case at x 1 . 

We now address the proof of the previous claim: Fix a closed point x 1 £ S'mg(G r +i) n H r+ i 
mapping to x (i.e., nc{x') = x). Recall that, under the hypothesis Tg riX — 1, Remark 16.51 asserts 
that x' £ {zi = 0}, where z\ denotes the strict transform of z. We prove now that pV\ is well-adapted 
to Qr+i at x'. 

We assume that the tight monomial algebra Ai r W s is of the form 

(8.12.1) I{H 1 ) hl ...I{H r ) K W s with < hi < s. 

In order to achieved this (namely, that all hi < s), it suffices to consider a finite sequence of 
permissible transformations with centers of codimension 2 at V r ■ 
We divide the proof in the following cases: 

(1) Assume that v - ord^ 1 ) (G r )(x) = ord((^g^) r )(x) (= ord(.M r VF s )(x)) . Theorem [S3] en- 
sures that {IZg, fi)r = N r W s = M. r W s in a neighborhood of x and, in particular, that ord((7^g^) r )(^c) = 
ord(M r W s )(£c)- Note that M r +iW s — (lZg^) r+ i, and again Theorem l8.5l savs that Gr+i is in the 
strong monomial case (in particular pVi, is well-adapted to Gr+i at x'). 

(2) Suppose now that v-ord^-^iQr^x) = "-^f 1 < ord((ft g ,^) r )(x). In this case, Theorem l8.5l 
says that the algebras spanned by a p eW p and A4 r W s have the same integral closure. In particular, 
we can take s = p e and assume that a p eW p = uA4 r W p , where u is a unit (see Remark l8.6[) . 

The equality a p ^W p " = uM r W p " implies that 

(8.12.2) v *wM = rd(A< r W)(^ P (o) (< ord((7e e ^) r )(^ (c) )). 

and, as pV is well-adapted at £p r {c)i then v — ord^ 1 " 1 (G r )(€c) = - - , and hence h r +i = 

v tpr<P) ( a P e ) — P £ ^ S tne exponent of I{H r+ i) in M. r +\W S (s = p e ). 

(2.A) If gZ>„, then h r+1 = ^ r+1 (a^) = u^ c) (a p .)-p e & mod/) < ord((^) r )fe 

Notice here that In X '((Xpe ) cannot be a p e -th power since h r+ \ ^ mod p e . Hence, pV\ is well- 
adapted to Gr+i at x' (see Definition I5.5[) . 

Let us introduce some notation useful for the proof of the remaining cases: Fix a regular system 
of parameters in the local regular ring V (d> x , say {z, x±, . . . , Xd-i}, such that: 

(i) the tight monomial algebra is locally generated by a monomial in x±, . . . , x r (r < d— 1), say 
x^ 1 ... x^: r , and 
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(ii) the permissible center is 1(C) = (z, x%, . . . , xt, yi, . . . , y m ), where i < r and yj = x r +j for 
j = 1, . . . ,m. 

As a p cW p = u ■ A4 r W s where u is invertible, then 

a p e = ux^ 1 ■ ■ ■ Xp'xp^ 1 ■ ■ ■ x'r'~ with < hi < p e . 

(2.B) Assume that ie>r{c p } P - 6 Z>o and that I < r. In this case, one can check that In X ' (apV ) , 
which is also monomial, is not a p e -th power. In fact, at each chart 

a p V = ux'l 1+ - +he - pC (^) h2 . . . {^-) hl x h ^ ...xf in the L^-chart, or 

a W = U y1 1+ - +h '- pC {^-) hl . . . (gjSfc 1 ...xf in the t/ yi -chart 

and < fi£ + i < p e (i.e., hi + i e^e mod p e ). This ensures that In x <(ap^) is not a p e -th power, and 
hence pV\ is well-adapted at x'. 

(2.C) Assume that "^(c^KO £ z>o &nd £ = r 

Note here that £ — r > 2, since M. r W p is not a p e -th power and h\ H V h r = mod p e . 

We prove now that pV\ is well-adapted at x' by considering two cases: 

(2.C.1) Firstly suppose that iflrlc p } - - < ord((7?.g i ^) r )(^ r (c)). After a finite number of 
monoidal transformations over Vr"® at centers of codimension 2, we can assume that h r+ \ = 0. 
Thus, the independent term, say a p ) , is 

(1) /X2\h 2 fX r sh T 

-\ e '=u(— ) ...(—) 

X X\ X\ 

cl^c = u(—) hl . . . (—) hr in the U v , -chart. 

yi yi 

Both cases are analogous, so it suffices to consider the problem at the C/ Xl -chart. The difference with 
the discussion in (2.B) appears when considering a closed exceptional point where a p ]) is a unit. We 
address now this case. Let 

(!) - ,P" , „(1)J>*-1 , ... i „« 



a„c' = u( — ) 2 . . . (— ) r in the U x , -chart, or 

F S X\' X\ 



be the strict transform of / p c. The assumption if<r{c p } P — < ord((7?.£;, ( g) r )(^ ( g i .(c)) ensures that 

ord((7^g i; a) r+ i)(^_f/ r+1 ) > 0, and hence that x\ divides aj for j = I, . . . ,p e — 1 (see Theorem 14. 6p . 
We claim that if x' G Sing(£i), then x' G {xi = 0} n = 0} for some j G {2, . . . , r}. Let 

fp 1 ' — z i + be the restriction pf f p V to xi = 0, where a p V — "(f 2 -)'' 1 ■ • • (§7)^1 where we 
identify a ( p J with an element of 0^ C ) [(f 2 -), • • • , (ff), (^)> • • • > (ff)]- This is a polynomial ring 
in r — I + 771 variables. Consider the Taylor expansion of a p ]} at this ring, say 

Tay^J) = £ A°(a£>) T Q 

The operators A" in this expansion are differential operators in Op r (c) [(ff) ' ■ • ■ ' (ff )i (f^j) • • • ) (Iff)]; 
relative to the ring Optc)- 



) h2 -A x t) hr 



Note here that u G Pr ( C ), so in particular, A a (a^ j ) = mA q ((|^ 
Since it is assumed that Tij < p e , it follows that 

A^(4V) = u( — ) h2 . . . (°^±) h ^ (^±i)^+ 1 . . . 

' K X± X\ Xi ' Xi' 

for atj = (0, . . . , hj, . . . , 0) G N r - 1+m . Therefore, if A Qj (a$)(x') = 0, then x' G { = 0} for some 

So, if x' G Sing((/i) n ff r +i H U Xl , then x' G U2<j< r {f^ = o|. In this case we can argue as in 
(2.B) to show that In x /(ape' ) ) is not a p e -th power, and hence that pV\ is well-adapted at x'. 
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(2.C.2) According to (|8.12.2|) . the only case left is ^(c)( a rO = ord((7^ )/8 ) r )(^ r (C)) within 
the case £ = r. The equality OTd(M. r W a )(^p r ^c)) — or d((TZg,/3)r)(^p r (c)) > implies that /i, = for 
i = l,...,r (see fSXT]) ). 

By the assumption in the case (2), oid(Ai r W s )(x) < ord(A/" r VF s )(x). Thus, there must be 
an exceptional hypersurface, say H, so that x G H, H is not a component of the support of 
M r (of V(M r )), and H is a component of V r (A/" r W /s ). That is, H ^ Hj for j = l,...,r and 
ord(M.W^ s )(^) > 0. 

Consider the monoidal transformation along C. We may assume that after a finite number of 
monoidal transformations at centers of codimension 2, that the new exceptional hypersurface, say 
i?r+i) is n °t a component of V(a^J). So a^l is essentially monomial and admits expressions as 
those two in (2.C.1), both in t/^-charts or in £7^ -charts. In addition, H r+ i is not a component of 
V{N r +\W s ), where N r +\W S is the transform of Af r W s . On the contrary, the strict transform of H 
is a component of V{N r +\W s ) and is not a component of V(ap)). 

We argue now as in (2.C.1), considering restrictions to the strict transform of H, instead of 
restrictions to H r +i- The same arguments apply to show that pPi is well- adapted at x'. O 

We may assume the existence of resolution for simple Rees algebras with r > 2. This reduction is 
possible by decreasing induction on the invariant t. The following Theorem shows how to increase 
the invariant r, under the assumption that Q r is in the strong monomial case. 

Theorem 8.13. Let Q r be within the strong monomial case. Then, any combinatorial resolution of 
M. r W s can be lifted to a sequence of transformations of Q r , say 

(8.13.1) Q r Gr+l Qn 

v (d) _£±L y{d) £±1_ . . . y(d) 
V r v r+l V N 

and if ' x G Sing(C?r) is a closed point so that Tg riX = 1, then 7r _1 (a;)nSing(C/Ar) = 0. Hence, Tg NiX r > 2 
for any x' G Sing(giv)- 

Proof. Recall that Ai r W s (c O v (d)[W}) is the pull-back of a monomial algebra, say A4 r W s again 
(c O v (d-i) [W]). What we mean here is that a combinatorial resolution of A4 r W s in dimension d— 1 
can be lifted to a permissible sequence in dimension </. 

Fix a closed point x G Sing(C? r ) so that tq t , x — 1- Proposition 18.121 ensures that after a permis- 
sible sequence of transformation as (|8.13.1D , the transform Qn is in the strong monomial case. In 
particular, v — ord^ d ~ 1 \QN){x') = ot&{MnW s )(x') for any closed point x' G Sing(C?jv) mapping to 
x. Moreover, by assumption ot&(MnW s )(x') < 1. That is, tt~ 1 (x) n Sing(£jv) =0. 



Part III. Proofs of Theorems 

Appendix A. Proof of Main Theorem 1. 

A.l. Hironaka's weak equivalence. There are two natural operations on Rees algebras, both 
will be crucial for a precise formulation of Hironaka's notion of invariance. Fix a smooth scheme V^ d ' 
and a set, say E = {Hi, . . . ,H r }, of smooth hypersurfaces so that UUj has only normal crossings. 
Let Q = Q)I n W n be a Rees algebra in V {d \ Let now 

(A.l.l) V {d) U 

be defined either by: 

(A) An open set U of in Zariski or etale topology. 

(B) The projection of U = x A£ on the first coordinate. Here, A£ denotes the n-dimensional 
affine scheme (with n G Z>i). 

In both cases, there is a naturally defined pull-back of the Rees algebra Q and of the set E. This 
defines a Rees algebra Qjj and a set Ejj. Here Ejj consists of the pull-backs of the hypersurfaces in 
E. The Rees algebra Qu is defined as: 

(A) The restriction to U in case (A), i.e., Q v = ®(I n )uW n . 

(B) The total transforms of each ideal I n , say /*, in case (B), i.e., Qu = 1*. 
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The pull-back defined by ^— U is denoted by: 

g Qu 

(V( d \E)+^(U,Eu) 
Observe here that Smg(Qu) — 7T _1 (Sing(t/)). 

Definition A. 2. A local sequence of a Rees algebra Q and a set E is a sequence 

(A.2.1) q g 1 g r 

<yl* , E) ^ (V W , E X ) 2— ■ ■ ■ (y«> , Er) 

where each — — v£f\ is a pull-back or a monoidal transformation at a center C'i C Sing(C/j) 
with normal crossing with the exceptional hypersurfaces in Ei for i = 0, . . . , r — 1. 

Definition A. 3. Fix two Rees algebras Q and Q' and a set of hypersurfaces with normal crossings 
E in the smooth scheme V ^ . We say that Q and Q' are weakly equivalent if: 

i) Sing(£) = Smg(S'). 

ii) Any local sequence of 5, say (|A.2.1|1 . define a local sequence of Q' (and vice versa), and 
Sing(ft) = Sing(S0 for * = 0,..., r. 

Remark A. 4. Note that if £? and Q' are weakly equivalent, then also their transforms Gi and Q[ 
are weakly equivalent. So the weak equivalence is preserved after any local sequence. Two algebras 
with the same integral closure are weakly equivalent. 

A. 5. On Main Theorem 1. 

Proposition A. 6. Fix a Rees algebra Q and a presentation P = V(/3, z, f n (z)). Let H be a smooth 
irreducible hypersurface in y( d_1 ). Denote by y the generic point of H and assume that V is in 
normal form at y. Then, H is a component of /3(Sing(£7)) if and only if Sl y (pP) > 1. 

Proof. See Proposition [HO i). O 

Theorem A. 7. (Main Theorem 1). Fix a Rees algebra Q. Consider a point x £ Sing(^) and a 
p-presentation, say pP, well-adapted at /3(x). The value Sl(pP)(/3(x)) is completely determined by 
the weak equivalence class of Q . 

Proof. Here we sketch the proof of this Theorem. Further details can be found in [7]. Fix pV = 
pP((3 7 z, f P '(z)) well-adapted to Q at x = j3{x). Fix f p e(z) = z p + a\z v _1 + • • • + a pC and set 
Tj = ^x(oj) for j = l,...,p e and ord(7?.g j( g)(x) = j. Set q = Sl(pV)(x), Theorem 14.61 savs that 
Sl(pP)(x) = mi n{^l)(x),ord (d - 1 )(^^)(x)}. 
Recall that z is an element of order 1 in V (d) x . 

Consider x A 1 , the product of V^ d ' with the affine line. Locally, in a neighborhood of 
x A 1 , we identify f p c (z) with its pull-back. Consider, in addition, the natural projection 
/3 = /3 xid : V {d) x A 1 — > V^- 1 ) x A 1 , mapping (x,0) to (x,0). Finally, identify Kgj with its 
pull-back in x A 1 . This defines a p-presentation of the pull-back of Q at x A 1 , say again 

pP. Note that 

srj(pp)((x,o)) = si(pp)(x) 

and that -/fi( Xj o)(a p e) can be naturally identified with /n x (a p e). 

Fix coordinates {z, x x , ■ ■ ■ , x a , t} locally at (a;, 0), where {z, x\, . . . , x a } is a regular system of 
parameters at Oy(d) x , and {xi, . . . ,x a } is a regular system of parameters at Oyw-v, x . Consider 
the monoidal transformation with center go = (x, 0) and let qi be the intersection of the new 
exceptional hypersurface, say Hi , and the strict transform of x x A 1 . This monoidal transformation 
at qo induces a monoidal transformation, say V^ 1 ^ x A 1 < — V\ , at (j3(x), 0) = /3o(?o)- Moreover, 
one can define a smooth morphism j3\ : Vi — > V± . The exceptional hypersurface Hi C 
is the pull-back of the exceptional hypersurface in . To simplify notation, we denote both by 
Hi. 
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The point q\ is the origin of the [/(-chart, (U t = Spec(Oy(a) iX [f , . . . , %*■)*]))• The transform of 
pV, say pPi = pPi0uZi,f£'), is defined by 

f p V{z 1 ) = z( +t r ^- 1 a' 1 zf- X + ---+t r " e - pB a' p e, and (Kg,p)i 
where a'j are not divisible by t, and ord((7?.g )/ 3)x)(^ij 1 ) = ^j 2 , where is the generic point of 
Hi C V} d) . 

This process can be iterated TV-times, defining a sequence of monoidal transformations at qo, qi, ■ ■ ■ , 
?JV— l) where each qj is the intersection of the new exceptional component, say Hj (c ), 
with the strict transform of 1 x A 1 . The transform of pV at the final L^-chart, say pVn — 
pV n {Pn-, Zn, fp* )) is defined by 

f^\ ZN )=4+t N ^a[z p ;- 1 + --- + t N ^-^a' pe , and (Kg,p) N , 

with ord((7?-e j ^)Ar)(^ JV ) = N ( a ~ s ) , Here is the generic point of Hn C \ 

Fix AT >> 0, it may occur that Sing(C/Ar)niJAr has codimension 2 in the d+l-dimensional ambient 
space (i.e., Hn C is a component of /3jv(Sing(<7jv)))- It can be proven that this occurs if and 
only if (rj — j) > (j = 1, . . .p e ) and (a — s) > 0. In that case, Smg((/jv) niTjv is defined by (zjsr, t). 
In particular, Sing(^) PI Hn is smooth when it has codimension 2 in Vjf +1 . If this is the case, we 
look for further transformations defined with centers of codimension 2 as we explain bellow. 

Firstly consider the monoidal transformation of vjf with center (zN,t). Set zn + i = ^f-. At 
the C/j-chart, the transform of pVjss , say pVn+i, is defined by 

4f +1 Wi) = z^ +1 +t N ^' 1 a[zP c - 1 + -.-+t N ^-P^a' pC , and (ft^V+i, 

with ord((^ g!(3 ) A r + i)(Cfl- JV+1 ) = jV( °7 ) ~ S - 

Now Sing(^A'+i) H Hn + i has codimension 2 in V^i 1 ' if and only if it is described by (zjsr+i, t), 
which is a smooth center. 

Consider now, if possible, £ monoidal transformations at centers of codimension 2 of the form 
(zn+i, t). It gives rise to a sequence 

(A. 7.1) Q N Qn+i Gn+£ 

A/" ^A+l V A+^ 

Geometrically, this sequence can be interpreted as follows: Set Hx+i-i the exceptional hypersurfacc 
introduced by 7rjv+i— i- The center of the N + i-th monoidal transformation, say TtN+i, is defined 
by Hjy +i fl Smg(GN+i), which is assumed to be of codimension 2. The sequence (|A.7.ip induces a 
sequence 

T/M _ v (d) v (d) 

N V N+1 v N+l 

on is the blow-u 
each transformation is the identity map. 

After the N + £ monoidal transformations, the exponent of t in the j-th coefficient of fp C +t is 

N(rj—j)—£j; and ord((Hg^)N+e = Therefore, (zn+i, t) is a permissible center 

if and only if N(rj — j) — £j > j (J = 1, . . . ,p e ) and N(a — s) — is > s. In particular, this requires 
that 

£ < min [iV(4 - l) - 1, W(j - l) - l] = N(Sl(pV)(x) - l) - 1. 

Set 

i N = fiV(g-l)-ll. 

We claim that this is the highest length of a sequence as (|A.7.1[) . Namely, that Hm+i n is not a 
component of /3 N+ i N (Sing(GN+i N )) in V^ d | £jv . 

Check that Sl(pPN+i N )(£,H N+iN ) < 1, where £,h n+1n is the generic point of Hn + i n . We show 
now that pVn+i n is well-adapted at £H N+e ■ This, together with Proposition IA.61 would ensure 
that the previous claim holds. 



where each transformation is the blow-up at the exceptional hypersurface -Hjv+i C Vj^K. Hence 
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Firstly, suppose that q = Sl(pV)(x) = oid(TZg^){x) — ^. In this case, N(a — s) — £n ■ s < 
N{r p e -p e ) -£ N -p e . So, Sl(pV N +n N ){^H N+eN ) = ord((TZg.j3) N +e N )(£,H N+eN ) and hence pP N +i N is 
well-adapted to (,H N+t 

Assume now that q = Sl(jpV)(x) = ""fo^ = < ord(7e,g !/3 )(x) and that N^- Z. Then, 



N{r p e - p e ) - i N ■ p e < N(a - s) - t N ■ s, so Sl(pV N+ , N )^H N+e ) = N+t " and < 



ipe — l> ) — f-N " V V" — °) ~ • O) «J ^x-ypr N+i N ) \c,H N+i ' ~ 

Sl(pVN+e N )(^H N+ i N ) < 1. This ensures the claim. 

Finally assume that g = £Z(pP)(x) = " x( ° pe) = < ord(^g; !(3 )(x) and that A^ G Z. Note 

that SI(p^+<)(eH-^) = ^ HW+ ;" Ke) = < ord (!i - 1) ((^ e ,^) w+£jv )(^ +JV ), and that In^ N+t Ja^) 
can be naturally identified with Jn x (a p e), which is not a p e -th power (as p"P is well-adapted at x). 
Proposition IA.6I ensures finally that H?j+t N is not a component of Pn+i n (Sing(C7./v +£«))■ 

The previous arguments show that the rational number q = Sl(pP){x) is completely characterized 
by the weak equivalence class of Q. To this end, note that 

r £n 1 
lim — =o — l. 

N-yoo N 

o 

Further consequences of the previous discussion are the following: 

Corollary A. 8. Let Q be a Rees algebra. Fix a p-presentation pV = pV (/3 , z , / p » (z)) well- adapted 
to Q at x G Sing((J). Then, 

v - orS d - x \g){x) = Sl{pT){f3{x)). 

Corollary A. 9. Let Q be a Rees algebra. Fix two transversal projections and 
y(<*) V l{d - 1] . For any x G Sing(e) 

(3 - ord(S)(/3(z)) =/3'- OTd(g)(p'(x)) (= v - ord {d ' 1] '(Q)(x)). 

Appendix B. The tight monomial algebra and Proof of Main Theorem 2. 
B.l. We address here the Proof of Main Theorem 2. 

Theorem B.2. (Main Theorem 2). Fix a sequence of permissible transformations as 13.1.1}) . Let 

Ai r W s denote the tight monomial algebra defined in \7.4\ Then, at any closed point x G Sing((/ r ), 
A4 r W s has monomial contact with Q r , i.e., there is a j3 r -transversal section z of order one at Oy{d) 
for which 

Q r C {z)WO M r W s . 

Proof. Assume by induction in r that, locally at any closed point x G Sing((y r ) the algebra M. r W s 
has monomial contact with Q r , i.e., for some ^-transversal section z' of order one at the point, 

Q r C (z')WQM r W s . 

The condition is vacuous for r = 0. 

Let C be a permissible center, and consider the monoidal transformation at C, say Vr K+i- 
The task is to prove that Q r +i has monomial contact with the new tight monomial algebra, say 

(B.2.1) M r+1 W s = O v(d - 1) [I(H 1 ) h ' ...I(H r ) h "I(H r+1 ) h ^W s }. 

Fix a p-presentation pV' r = pV' r (f3 r , z' ', fL) involving z' at V r . Note that the induction hy- 
pothesis ensures that pV' r is compatible with A4 r W s . Proposition l5.9I B) applies here to show that 
pV' r can be modified into a new p-presentation, say pV r (doing a change of variables of the form 
z = z' + a), so that pV r is compatible with M r W s and also well-adapted to Q r both at x and £p(c)> 
the generic point of /3(C) 

We claim that, locally at any closed point x' G Sing(C? r +i) mapping to x, there is a p-presentation 
with the properties: 

• it is compatible with the strict transform of the monomial algebra M. r W s , 

• it is well-adapted to Q r +i at £„(d) . 
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That is, locally at any closed point x' G Sing(C/ r+ i), there is a p-presentation which is well-adapted 
simultaneously to every £ H (d-i) (i — 1, ...,?' + 1). This, in particular, ensures our task. 

If x' G" -ff^+i i then Remark 16.41 shows that there is an identification between the p-presentations 
pP r of Q r and pP r +i of Q r +i (in an open subset). Thus the claim follows straightforward in this 
case. 

Suppose that x' G Sing(C/ r +i) n H^ v 

Firstly, we address the claim under the assumption that In x (/ p e) = Z p . In this case, 7r _1 (a;) (~l 
Sing((J. r+ i) C {z\ — 0}, where z\ denotes the strict transform of z (see Remark 16. 5[) . Moreover, 
pVr+i is well-adapted to Q r +i at (see Proposition I6.6[) . Let 

fj > l\z 1 ) = zf + aPzf- 1 + --- + a$ 

be the strict transform of fp*(z) = z p " + aiz p "^ 1 H ha p =. Since OiW* G M r W s , then atpW* G 

A4'W S for i = 1, . . . ,p e . Here M!W S denotes the strict transform of M. r W s . On the other hand, 
aPw* G /(FS)^ 1 ^ 8 , since P V r +i is well-adapted at £„ w (recall that g„ (d , = Thus 

a| W l G A^r+iW 8 (the new tight monomial algebra). 

The same arguments applies here to show that Ai r +iW s C (TZg^) r +i. Then, pV r +i is compatible 
with Ai'W s and well-adapted to Gr+i at ^(d-i)- Therefore, pV r +i is compatible with A^ r +iVF s . 
Hence, 

g r+ i C { Zl )W(DM r+ iW s 

in case In^/p*) 7^ ZP ° ■ 

Assume now that In^/pe) ^ Z p , then two different cases can occur: 

• Suppose firstly that Tg_ x > 2 and In a (/ p e) = Z p + A pC where A p e is not a p e -th power and 
free of the variable Z. In this case, Sl(pV r )(^p r (c)) — lj and this would ensure that h r+ \ = 
in (|B.2.ip . Let x' € Sing(5r+i) H -ffp+i ^ e a dosed point such that 7rc(a;') = x. Assume that 
/9r+i(^) € F(-M' r )(c K+i^), where ><rW s denotes the stric transform of M r W s in V^T . One 
can check that x' G {zi = 0} as all coefficients vanish at /3 r +i(x') for i = 1,. . . ,p e . The same 
argument used before shows that pP r +i is compatible with Ai r +iW s . 

Assume now that /3 r +i(x') £ V(A4' r ). Locally at f3 r+ i(x'), the monomial algebra is Ai r +\W S 
which has the same integral closures as C> <d-i) [W] and there is nothing to prove in this case. 

V r+1 

• Finally, suppose that ln x (f p e(z)) = Z p " + AjZ pC ~ j + ... with Aj and j < p e . In this 
case, ord(7^g ,p)(£p(c)) = 1 an d hence h r+1 — in (|B.2.1|) . Similar arguments as those used before 
apply here to show the compatibility of the strict transform with the monomial algebra: whenever 
the point x' 6 V(A4' r ), then x' G {zi — 0}. If not, the monomial algebra is locally of the form 
0,,(d-D [W]. This concludes the proof. 
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